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Ä.Ñ. Àëåêñàíäðîâ, Í.Â. Âîðîïàåâà
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ÓÄÊ 517.928

Ðàññìàòðèâàåòñÿ çàäà÷à óïðàâëåíèÿ äëÿ ñèíãóëÿðíî âîçìóùåííîé ìî-
äåëè äâóõçâåííîãî ìàíèïóëÿòîðà ñ óïðóãèìè ñî÷ëåíåíèÿìè. Ïðîèçâî-
äèòñÿ ðåäóêöèÿ ìîäåëè ñ èñïîëüçîâàíèåì ìåòîäà èíòåãðàëüíûõ ìíî-
ãîîáðàçèé. Óïðàâëÿþùåå âîçäåéñòâèå ñòðîèòñÿ íà îñíîâå ìåäëåííîé
ïîäñèñòåìû.

Êëþ÷åâûå ñëîâà: ðîáîòû, ñèíãóëÿðíî âîçìóùåííûå ñèñòåìû, èíòå-
ãðàëüíûå ìíîãîîáðàçèÿ

Reduction of multitempo control problem for robot with
flexible links

A control problem for a singularly perturbed model of a two-link manip-
ulator with elastic joints is considered. The model is reduced by using
the method of integral manifolds. The control law is based on a slow
subsystem.)

Keywords: robots, singularly perturbed systems, integral manifolds

Ðàññìàòðèâàåòñÿ çàäà÷à óïðàâëåíèÿ äëÿ äâóõçâåííîãî ðîáîòà-
ìàíèïóëÿòîðà ñ ãèáêèìè ñî÷ëåíåíèÿìè [1]. Ãèáêîñòü ñâÿçåé ìîäåëèðóåòñÿ
ïðóæèíàìè êðó÷åíèÿ áîëüøîé æåñòêîñòè. Ïðåäïîëàãàåòñÿ íàëè÷èå â
ñèñòåìå ñëàáîé äèññèïàöèèè, îáóñëîâëåííîé âÿçêèì òðåíèåì.

Äèíàìèêà ðàññìàòðèâàåìîé ñèñòåìû óïðàâëåíèÿ îïèñûâàåòñÿ ñèíãóëÿð-
íî âîçìóùåííîé ñèñòåìîé âîñüìîãî ïîðÿäêà ñ ÷åòûðüìÿ ìåäëåííûìè è ÷å-
òûðüìÿ áûñòðûìè ïåðåìåííûìè. Õàðàêòåðíîé îñîáåííîñòüþ èçó÷àåìîé ñè-
ñòåìû ÿâëÿåòñÿ íàëè÷èå ñëàáî ãàñíóùèõ âûñîêî÷àñòîòíûõ êîëåáàíèé.

Ñ ìàòåìàòè÷åñêîé òî÷êè çðåíèÿ ïðîáëåìà çàêëþ÷àåòñÿ â òîì, ÷òî äëÿ
ðàññìàòðèâàåìîé ñèñòåìû íå âûïîëíÿþòñÿ óñëîâèÿ êëàññè÷åñêîé òåîðåìû
Òèõîíîâà. Ýòî îáñòîÿòåëüñòâî äåëàåò íåâîçìîæíûì èñïîëüçîâàíèå áîëü-
øèíñòâà òðàäèöèîííûõ àñèìïòîòè÷åñêèõ ìåòîäîâ.

Òåì íå ìåíåå, èñïîëüçîâàíèå ïîäõîäà, îñíîâàííîãî íà òåîðèè èíòåãðàëü-
íûõ ìíîãîîáðàçèé ìåäëåííûõ äâèæåíèé [2], ïîçâîëÿåò ïðîèçâåñòè ðåäóê-
öèþ èññëåäóåìîé ñèñòåìû. Èíòåãðàëüíîå ìíîãîîáðàçèå ìåäëåííûõ äâèæå-
íèé, îáëàäàþùåå ñâîéñòâîì ïðèòÿæåíèÿ, ìîæåò áûòü ïîñòðîåíî ñ ëþáîé
ñòåïåíüþ òî÷íîñòè â âèäå àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ïî ñòåïåíÿì ìàëî-
ãî ïàðàìåòðà. Ïîëó÷åíû ôîðìóëû äëÿ êîýôôèöèåíòîâ äàííîãî àñèìïòîòè-
÷åñêîãî ðàçëîæåíèÿ.

Â êà÷åñòâå óïðîùåííîé ìîäåëè ðàññìàòðèâàåòñÿ ïîäñèñòåìà, îïèñûâà-
þùàÿ äâèæåíèå íà èíòåãðàëüíîì ìíîãîîáðàçèè. Èñïîëüçîâàíèå ðåäóöèðî-
âàííîé ìîäåëè ïîçâîëèëî èñïîëüçîâàòü ïðè ïîñòðîåíèè çàêîíà óïðàâëåíèÿ
òîëüêî ìåäëåííûå ñîñòàâëÿþùèå äâèæåíèÿ è, òåì ñàìûì, ïîíèçèòü ðàçìåð-
íîñòü çàäà÷è âäâîå.

Àëåêñàíäðîâ Äåíèñ Ñåðãååâè÷, Ñàìàðñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ); Denis
Aleksandrov (Samara University, Samara, Russia)

Âîðîïàåâà Íàòàëèÿ Âëàäèìèðîâíà, ê.ô.-ì.í., äîöåíò, Ñàìàðñêèé óíèâåðñèòåò (Ñà-
ìàðà, Ðîññèÿ); Natalya Voropaeva (Samara University, Samara, Russia)
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ÓÄÊ 517.518

Â óñëîâèÿõ ïåðåõîäà ê äèñòàíöèîííîìó îáðàçîâàíèþ ñòàíîâÿòñÿ îñî-
áåííî àêòóàëüíûìè èííîâàöèîííûå ìåòîäû ïðåïîäàâàíèÿ ìàòåìàòè-
êè. Ñðåäè íèõ âàæíîå ìåñòî çàíèìàþò òåñòû. Àâòîðàìè áûë ñîñòàâëåí
ñáîðíèê òåñòîâ ïî ìàòåìàòè÷åñêîìó àíàëèçó äëÿ ñòóäåíòîâ 1 êóðñà
ìåõàíèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà Ñàìàðñêîãî óíèâåðñèòåòà. Èç-
ëîæåíà ñòðóêòóðà ýòîãî ñáîðíèêà òåñòîâ. Ïîñëå àïðîáàöèè âûÿâëåíû
äîñòîèíñòâà è íåäîñòàòêè ïðèìåíåíèÿ äàííîãî ñáîðíèêà íà çàíÿòèÿõ
ïî ìàòåìàòè÷åñêîìó àíàëèçó.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêèé àíàëèç, òåñòèðîâàíèå, äèñòàíöèîí-
íîå îáðàçîâàíèå

Tests on mathematical analysis in the system of distance
education at the Faculty of Mechanics and Mathematics of

Samara University

In view of the transition to the distance education, innovative methods
of teaching of mathematics are becoming especially actual. In particular,
tests are very important. The authors have compiled a collection of tests
related to mathematical analysis for first year students of the Faculty of
Mechanics and Mathematics of Samara University. Here, a description
of the structure of this collection is presented. We indicate also some
advantages and disadvantages of this collection, which were revealed by
repeated using of these tests in classes on mathematical analysis.

Keywords: mathematical analysis, testing, distance education

Â ñîâðåìåííûõ óñëîâèÿõ óñêîðåííîãî ïåðåõîäà ê äèñòàíöèîííîìó îáðà-
çîâàíèþ, â áîëüøåé ñòåïåíè âûíóæäåííîãî èç-çà ýïèäåìèîëîãè÷åñêîé îá-
ñòàíîâêå â ñòðàíå è ìèðå, ñòàíîâÿòñÿ îñîáåííî àêòóàëüíûìè èííîâàöèîí-
íûå ìåòîäû ïðåïîäàâàíèÿ ìàòåìàòèêè. Ñðåäè íèõ âàæíîå ìåñòî çàíèìàþò
òåñòû.

Â 2020 ãîäó àâòîðàìè áûëè ñîñòàâëåíû è îïóáëèêîâàíû òåñòû äëÿ 1
ñåìåñòðà èçó÷åíèÿ ìàòåìàòè÷åñêîãî àíàëèçà [1].

Äàííûå òåñòû ïðîøëè àïïðîáàöèþ â 2020-2021 ãîäàõ íà ìåõàíèêî-
ìàòåìàòè÷åñêîì ôàêóëüòåòå Ñàìàðñêîãî óíèâåðñèòåòà â ãðóïïàõ ïî ñïåöè-
àëüíîñòè "Ôóíäàìåíòàëüíàÿ ìàòåìàòèêà è ìåõàíèêà". Àíàëèç ïîëó÷åííûõ
ðåçóëüòàòîâ òåñòèðîâàíèÿ ïî ìàòåìàòè÷åñêîìó àíàëèçó ñòóäåíòîâ 1 êóðñà
ìåõàíèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà Ñàìàðñêîãî óíèâåðñèòåòà ïîäòâåð-
æäàåò, ÷òî îíëàéí-îáó÷åíèå îáåñïå÷èâàåò ëó÷øåå âçàèìîäåéñòâèå ïðåïîäà-
âàòåëÿ ñî ñòóäåíòàìè ïðè èñïîëüçîâàíèè òàêîé ôîðìû êîíòðîëÿ çíàíèé.
Èñïîëüçîâàíèå òåñòîâûõ çàäàíèé â ìàòåìàòè÷åñêîì àíàëèçå óëó÷øàåò ñî-
òðóäíè÷åñòâî è îáùåíèå ìåæäó îáúåêòàìè îáðàçîâàòåëüíîãî ïðîöåññà, óâå-
ëè÷èâàåò óìñòâåííóþ íàãðóçêó ñòóäåíòîâ, çàñòàâëÿåò èõ óäåëÿòü áîëüøå

Àëÿêèí Âëàäèìèð Àëåêñååâè÷, ê.ô.-ì.í., äîöåíò, Ñàìàðñêèé óíèâåðñèòåò (Ñàìàðà,
Ðîññèÿ); Vladimir Alyakin (Samara University, Samara, Russia)

Óçáåêîâ Ðîìàí Ôàòèõîâè÷, ê.ô.-ì.í., äîöåíò, Ñàìàðñêèé óíèâåðñèòåò (Ñàìàðà, Ðîñ-
ñèÿ); Roman Uzbekov (Samara University, Samara, Russia)
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âðåìåíè ñàìîñòîÿòåëüíîé ðàáîòå. Àïðîáàöèÿ òàêæå âûÿâèëà ñëåäóþùèå äî-
ñòîèíñòâà ïðèìåíåíèÿ äàííûõ òåñòîâ â îáðàçîâàòåëüíîì ïðîöåññå: íàëè÷èå
áóìàæíîãî è ýëåêòðîííîãî âàðèàíòîâ òåñòîâ, îáøèðíîñòü ïðåäñòàâëåííûõ â
òåñòàõ òåì (îíè çàêðûâàþò ïðàêòè÷åñêè âñþ ïðîãðàììó 1 ñåìåñòðà ìàòåìà-
òè÷åñêîãî àíàëèçà), íàëè÷èè â òåñòàõ ðàçíîïëàíîâûõ çàäàíèé (êàê òåîðåòè-
÷åñêèõ, òàê è ïðàêòè÷åñêèõ), äèôôåðåíöèàöèÿ çàäàíèé â òåñòå ïî óðîâíÿì
ñëîæíîñòè, íàëè÷èå çàäàíèé ðàçíîé ìîäàëüíîñòè.

Òåñòû âêëþ÷àþò â ñåáÿ òåîðåòè÷åñêèå ñâåäåíèÿ, ïðèìåðû ðåøåíèÿ çà-
äà÷ è íåïîñðåäñòâåííî ñàìè âàðèàíòû òåñòîâûõ çàäàíèé. Äàííûé ñáîðíèê
òåñòîâ ñîñòîèò èç ñëåäóþùèõ âàæíåéøèõ òåì, èçó÷àåìûõ íà 1 êóðñå â ìà-
òåìàòè÷åñêîì àíàëèçå: òåîðèÿ ìíîæåñòâ, ñâîéñòâà ôóíêöèé (ìîíîòîííîñòü,
÷åòíîñòü, ïåðèîäè÷íîñòü, îãðàíè÷åííîñòü, àñèìïòîòû, ãðàôèêè, áèåêöèè è
ò.ä.), ïðåäåë ôóíêöèè îäíîé ïåðåìåííîé, ñèìâîëû Ëàíäàó, íåïðåðûâíîñòü
è ðàâíîìåðíàÿ íåïðåðûâíîñòü ôóíêöèè, ïðîèçâîäíàÿ, ãåîìåòðè÷åñêèé è
ôèçè÷åñêèé ñìûñëû ïðîèçâîäíîé, ïðîèçâîäíàÿ ñëîæíîé ôóíêöèè, ïðàâèëî
Ëîïèòàëÿ.

Êàæäàÿ òåìà ñîäåðæèò ÷åòûðå âàðèàíòà òåñòîâ, ÷òî î÷åíü óäîáíî, ïî-
ñêîëüêó îáøèðíîãî êîðïóñà çàäà÷ õâàòàåò íå òîëüêî äëÿ ïðîâåäåíèÿ àóäè-
òîðíûõ çàíÿòèé, íî è äëÿ äîìàøíèõ çàäàíèé, ñàìîñòîÿòåëüíîé ðàáîòû è
ïðîâåäåíèÿ êîíòðîëüíûõ ìåðîïðèÿòèé.

Îäíàêî, èìåþòñÿ è íåäîñòàòêè. Ãëàâíûì èç íèõ (êàê ïîêàçàëà ïðàê-
òèêà) ÿâëÿåòñÿ, êàê íè ñòðàííî, ïðèìåðíî îäèíàêîâûé óðîâåíü ñëîæíîñòè
âñåõ ÷åòûðåõ âàðèàíòîâ òåñòîâ. Áûëî áû ïðàâèëüíåé èìåòü ñðåäè ÷åòûðåõ
âàðèàíòîâ, îäèí ïðîñòîé, îäèí ñëîæíûé è äâà ñðåäíåãî óðîâíÿ ñëîæíîñòè.
Ýòî ïîçâîëèëî áû ãèáêî ïîäõîäèòü ê ðàñïðåäåëåíèþ çàäàíèé ñðåäè ñòóäåí-
òîâ ââèäó èõ ðàçíîé ïîäãîòîâêè.

Îíëàéí-òåñòèðîâàíèå óñîâåðøåíñòâîâàëî îöåíèâàíèå çíàíèé îáó÷àþ-
ùèõñÿ, îíî ïîìîãàåò ñëåäèòü çà óñïåõàìè êàæäîãî ñòóäåíòà â îñâîåíèè òåì
è çà ïðîãðåññîì â ïîëó÷åíèè çíàíèé, ïîëó÷åííûõ íà ëåêöèè. Ïîäâîäÿ èòîã,
ìîæíî îòìåòèòü ñëåäóþùåå, ïðè èñïîëüçîâàíèè òåñòèðîâàíèÿ â ïðîöåññå
îáó÷åíèÿ:
1. óâåëè÷èâàåòñÿ ñàìîñòîÿòåëüíàÿ ðàáîòà îáó÷àþùèõñÿ;
2. ïîâûøàåòñÿ îáúåêòèâíîñòü ïîëó÷åííîé ñòóäåíòîì îöåíêè;
3. óìåíüøàåòñÿ çàãðóæåííîñòü ïðåïîäàâàòåëÿ â îöåíêè çíàíèé îáó÷àþùèõ-
ñÿ;
4. íàãëÿäíîé ñòàíîâèòñÿ êàðòèíà óñïåâàåìîñòè ñòóäåíòà ïî òåì èëè èíûì
ðàçäåëàì ìàòåìàòè÷åñêîãî àíàëèçà.

Â öåëîì òåñòû ïî ìàòåìàòè÷åñêîìó àíàëèçó ïîêàçàëè ñâîþ ýôôåêòèâ-
íîñòü è ïîëåçíîñòü êàê äëÿ ñòóäåíòîâ, òàê è äëÿ ïðåïîäàâàòåëåé.

Ëèòåðàòóðà
1. Àëÿêèí Â.À., Óçáåêîâ Ð.Ô., Òåñòû ïî ìàòåìàòè÷åñêîìó àíàëèçó. ×àñòü ïåð-

âàÿ. � Ñàìàðà: ÈÏ Çóåâ Ñ.À., 2020.
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Ïðîáëåìà íåäîñòàòî÷íîé øêîëüíîé ïîäãîòîâêè àáèòóðèåíòîâ ê îñâî-
åíèþ ñëîæíîé ïðîãðàììû ìåõàíèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà â
Ñàìàðñêîì óíèâåðñèòåòå àêòóàëüíà íà ñåãîäíÿøíèé äåíü. Óêàçûâà-
þòñÿ ïðîáëåìû, ñ êîòîðûìè ñòàëêèâàþòñÿ îáó÷àþùèåñÿ â îñâîåíèè
ó÷åáíûõ äèñöèïëèí 1 êóðñà, à òàêæå ïðåäëàãàåòñÿ ïóòü èõ ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêèé àíàëèç, ïðàêòèêóì ïî ýëåìåíòàðíîé
ìàòåìàòèêå, ìàòåìàòè÷åñêàÿ ãðàìîòíîñòü

On improving of the mathematical literacy of first year
students of the Faculty of Mechanics and Mathematics of

Samara University

The problem of weak school preparation of applicants for mastering the
rather complicated program at the Faculty of Mechanics and Mathematics
of Samara University is relevant nowadays. We indicate problems faced
by first year students and also suggest ways to solve them.

Keywords: mathematical analysis, practical course in elementary mathe-
matics, mathematical literacy

Ïðîáëåìà íåäîñòàòî÷íîé øêîëüíîé ïîäãîòîâêè àáèòóðèåíòîâ ê îñâîå-
íèþ ñëîæíîé ïðîãðàììû ìåõàíèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà â Ñàìàð-
ñêîì óíèâåðñèòåòå íå íîâà. Îíà âîçíèêëà è áûëà îñîçíàíà â 90-å ãîäû 20
âåêà.

Íàèáîëåå ÿâñòâåííî ýòà íåäîñòàòî÷íîñòü ïðîÿâëÿëàñü è ïðîÿâëÿåòñÿ â
òàêîé òðóäíî êîäèôèöèðóåìîé ñôåðå è îáëàñòè ÷åëîâå÷åñêîãî çíàíèÿ êàê
ëîãèêà è îáùàÿ ìàòåìàòè÷åñêàÿ êóëüòóðà. Êîíêðåòíî ýòî ÷àùå âñåãî ïðî-
ÿâëÿåòñÿ â ñëåäóþùåì. Îáó÷àþùèåñÿ 1 êóðñà ìåõàíèêî-ìàòåìàòè÷åñêîãî
ôàêóëüòåòà: ïóòàþò ïðè÷èíó è ñëåäñòâèå (ïî òèïó: - Ïî÷åìó äóåò âåòåð?
- Ïîòîìó ÷òî äåðåâüÿ êà÷àþòñÿ!); íå ðàçëè÷àþò íåîáõîäèìûå è äîñòàòî÷-
íûå óñëîâèÿ ìàòåìàòè÷åñêèõ óòâåðæäåíèé; íå óìåþò ñîñòàâëÿòü ñîñòàâëÿòü
äëèííûå ëîãè÷åñêèå öåïî÷êè; íå ìîãóò ïîñòðîèòü îòðèöàíèå ê íåêîòîðîìó
ìàòåìàòè÷åñêîìó ïðåäëîæåíèþ; íå ïîíèìàþò è íå óìåþò ðàáîòàòü ñ êâàí-
òîðàìè îáùíîñòè è ñóùåñòâîâàíèÿ (õîòÿ ñóòü èõ èì ÿêîáû ïîíÿòíà); íå ïî-
íèìàþò âàæíîñòè è íåîáõîäèìîñòè àêñèîìàòè÷åñêîãî ìåòîäà â ìàòåìàòèêå;
íå ìîãóò ÷åòêî ðàçëè÷àòü äîêàçàííîå è íåäîêàçàííîå; íå ïîíèìàþò çà÷åì
íóæíû äîêàçàòåëüñòâà òåîðåì, ëåìì è ò.ä.; íå óìåþò ÷åòêî ôîðìóëèðîâàòü
è àðòèêóëèðîâàòü ñâîè ïðåîáðàçîâàíèÿ, ìûñëè è ñóæäåíèÿ.

Ðàçóìååòñÿ, ïðîáëåìîé äëÿ ìíîãèõ ñòóäåíòîâ îñòàþòñÿ ñëàáàÿ êóëüòóðà
ìàòåìàòè÷åñêèõ ïðåîáðàçîâàíèé, íàðóøåíèå ëîãèêè âûñêàçûâàíèé, áîëü-
øîå êîëè÷åñòâî àðèôìåòè÷åñêèõ îøèáîê, âûçâàííûõ íåäîñòàòêîì êîíöåí-
òðàöèè. Âîîáùå, êîíöåíòðàöèè ó ìíîãèõ îáó÷àþùèõñÿ 1 êóðñà õâàòàåò òîëü-
êî íà íåñêîëüêî äåñÿòêîâ ìèíóò, íå áîëüøå, òîãäà êàê ìàòåìàòèêà òðåáóåò
çà÷àñòóþ íåñêîëüêèõ ÷àñîâ íåïðåðûâíûõ óìñòâåííûõ íàãðóçîê.

Àëÿêèí Âëàäèìèð Àëåêñååâè÷, ê.ô.-ì.í., äîöåíò, Ñàìàðñêèé óíèâåðñèòåò (Ñàìàðà,
Ðîññèÿ); Vladimir Alyakin (Samara University, Samara, Russia)

Óçáåêîâ Ðîìàí Ôàòèõîâè÷, ê.ô.-ì.í., äîöåíò, Ñàìàðñêèé óíèâåðñèòåò (Ñàìàðà, Ðîñ-
ñèÿ); Roman Uzbekov (Samara University, Samara, Russia)
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Äëÿ ëèêâèäàöèè ýòîé íåãîòîâíîñòè â Ñàìàðñêîì ãîñóäàðñòâåííîì óíè-
âåðñèòåòå â ó÷åáíîå ðàñïèñàíèå 1 êóðñà ìåõàíèêî-ìàòåìàòè÷åñêîãî ôàêóëü-
òåòà (äëÿ íåêîòîðûõ ñïåöèàëüíîñòåé) â êîíöå äåâÿíîñòûõ ãîäîâ - íà÷àëå
íóëåâûõ áûëè ââåäåíû òàêèå êóðñû êàê "Ââåäåíèå â ìàòåìàòè÷åñêèé àíà-
ëèç "Ïðàêòèêóì ïî ýëåìåíòàðíîé ìàòåìàòèêå "Äîïîëíèòåëüíûå ãëàâû ìà-
òåìàòè÷åñêîãî àíàëèçà". Íà ïàðàõ ó÷åáíûõ äèñöèïëèí, ïåðå÷èñëåííûõ âû-
øå, ñòóäåíòû óñòðàíÿëè îòìå÷åííûå íåäîñòàòêè (â áîëüøåé ñòåïåíè).

Îäíàêî, â ðåçóëüòàòå ñîêðàùåíèÿ àóäèòîðíîé íàãðóçêè îáó÷àþùèõñÿ è
âûäåëåíèþ áîëüøåãî êîëè÷åñòâà ó÷åáíûõ ÷àñîâ íà ñàìîñòîÿòåëüíóþ ðàáîòó
ýòè ó÷åáíûå äèñöèïëèíû áûëè èñêëþ÷åíû èç ó÷åáíûõ ïëàíîâ êàê îñíîâíûå,
ïðèîáðåëè ñòàòóñ äèñöèïëèí ïî âûáîðó. À â ïîñëåäíåå âðåìÿ è âîâñå êóäà-òî
èñ÷åçëè. Íàøà ïðàêòèêà ïðåïîäàâàíèÿ ìàòåìàòè÷åñêîãî àíàëèçà íà 1 è 2
êóðñàõ ìåõàíèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà ïîêàçûâàåò íàñòîÿòåëüíóþ
íåîáõîäèìîñòü âîçâðàòà â òîì èëè èíîì âèäå àíàëîãè÷íûõ äîïîëíèòåëü-
íûõ (ôàêóëüòàòèâíûõ) êóðñîâ, ïîñêîëüêó îáîçíà÷åííûå ïðîáëåìû íèêóäà
íå äåëèñü è äàæå îáîñòðèëèñü.

Ìû âèäèì âûõîä èç ñëîæèâøåéñÿ ñèòóàöèè â îðãàíèçàöèè ñîîòâåò-
ñòâóþùåãî ìàòåìàòè÷åñêîãî ôàêóëüòàòèâà äëÿ âñåõ îáó÷àþùèõñÿ 1 êóð-
ñà ìåõàíèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà Ñàìàðñêîãî óíèâåðñèòåòà. Äëÿ
êîíêðåòíîãî ñòóäåíòà ýòî áóäåò äîïîëíèòåëüíîé ìîòèâàöèåé äëÿ óñïåøíî-
ãî îñâîåíèÿ îñíîâíîé îáðàçîâàòåëüíîé ïðîãðàììû, òàê êàê â ýòîì ñëó÷àå
îáó÷àþùèéñÿ áóäåò îñâîáîæäàòüñÿ îò ïîñåùåíèÿ ôàêóëüòàòèâíîãî êóðñà.

Íà íàø âçãëÿä, ïðåïîäàâàòåëü ìåõàíèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà
Ñàìàðñêîãî óíèâåðñèòåòà ïðè ñîñòàâëåíèè ðàáî÷åé ïðîãðàììû ôàêóëüòà-
òèâíîãî êóðñà è ïðîâåäåíèè çàíÿòèé äîëæåí èñïîëüçîâàòü íå òîëüêî ñòàí-
äàðòíûå è ðàñïðîñòðàíåííûå ñáîðíèêè çàäà÷ è óïðàæíåíèé, íî è îïèðàòüñÿ
íà ñëåäóþùèå êíèãè [1]-[13].

Ëèòåðàòóðà
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1975.
9. Àëÿêèí Â.À., Óçáåêîâ Ð.Ô., Ââåäåíèå â ìàòåìàòè÷åñêèé àíàëèç. � Ñàìàðà:

Ñàìàðñêèé óíèâåðñèòåò, 2009.
10. Àëÿêèí Â.À., Óçáåêîâ Ð.Ô., Ïðàêòèêóì ïî ýëåìåíòàðíîé ìàòåìàòèêå. �

Ñàìàðà: èçäàòåëüñòâî Ñàìàðñêîãî óíèâåðñèòåòà, 2019.
11. Áîðîäà÷åâà Å.Â., Óçáåêîâ Ð.Ô., Ââåäåíèå â ìàòåìàòè÷åñêèé àíàëèç. � Ñà-

ìàðà: èçäàòåëüñòâî Ñàìàðñêîãî óíèâåðñèòåòà, 2019.
12. Ïîéà Ä., Ìàòåìàòè÷åñêîå îòêðûòèå. � Ìîñêâà: Íàóêà, 1970.
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Îáúåêòîì èññëåäîâàíèÿ ÿâëÿþòñÿ ñîâðåìåííûå ïðèíöèïû âû÷èñëå-
íèÿ ïàðàìåòðîâ ìåõàíèêè ðàçðóøåíèÿ ñ ïîìîùüþ ìåòîäà ãîëîãðàôè-
÷åñêîé èíòåðôåðîìåòðèè. Â ïðîöåññå ðàáîòû ïðîâåä¼í àíàëèç ñóùå-
ñòâóþùèõ ìåòîäîâ ãîëîãðàôè÷åñêîé èíòåðôåðîìåòðèè, èçó÷åíà ëèòå-
ðàòóðà ïî äàííîìó íàó÷íîìó íàïðàâëåíèþ, ñîáðàíà ãîëîãðàôè÷åñêàÿ
óñòàíîâêà, ïðîâåäåí ðÿä ýêñïåðèìåíòîâ è ïîëó÷åíî èçîáðàæåíèå ãî-
ëîãðàììû.

Êëþ÷åâûå ñëîâà: ìàòåìàòèêà, áàíàõîâî ïðîñòðàíñòâî, ëèíåéíûé îïå-
ðàòîð

Calculation of fracture mechanics parameters by the
holographic interferometry method

The object of the research is the modern principles of the calculation of
fracture mechanics parameters by the holographic interferometry method.
In the course of the work, was carried out the analysis of holographic inter-
ferometry methods, was studied the literature on this scientific direction,
was assembled a holographic installation, was experimented with, and
obtained with a hologram image.

Keywords: holographic interferometry method, polarization - holographic
installation, method of two exposures.

Â äàííîé ðàáîòå ðàññìîòðåíû ïðèíöèïû âû÷èñëåíèÿ ïàðàìåòðîâ ìåõà-
íèêè ðàçðóøåíèÿ ñ ïîìîùüþ ìåòîäà ãîëîãðàôè÷åñêîé èíòåðôåðîìåòðèè
[1], èçó÷åíû ïåðåäîâûå íàðàáîòêè â ýòîé îáëàñòè [3]. Ðàññìîòðåí ïðèíöèï
ïðîâåäåíèÿ ýêñïåðèìåíòà [2], ðåçóëüòàòîì ÷åãî ñòàëè: ñîáðàííàÿ ðàáî÷àÿ ãî-
ëîãðàôè÷åñêàÿ óñòàíîâêà è ãîëîãðàììà ñ êàðòèíîé ïîëîñ îáðàçöà, ñæàòîãî
ïî äèàìåòðó ñîñðåäîòî÷åííûìè ñèëàìè, ïîëó÷åííàÿ ïðè ëèíåéíî ïîëÿðè-
çîâàííîì ñâåòå âäîëü âåðòèêàëüíîãî è ãîðèçîíòàëüíîãî íàïðàâëåíèÿ. Íà
ðèñóíêå 1 � ôîòîãðàôèÿ ãîëîãðàôè÷åñêîé óñòàíîâêè, êîòîðàÿ áûëà ñîáðà-
íà äëÿ ïðîâåäåíèÿ ýêñïåðèìåíòà.

Ðèñóíîê 1. Ãîëîãðàôè÷åñêàÿ óñòàíîâêà

Àíèñèìîâ Ãåííàäèé Ñåðãååâè÷, Ñàìàðñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ); Gennady
Anisimow (Samara University, Samara, Russia)
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Â ýêñïåðèìåíòå èñïîëüçîâàëñÿ çåëåíûé ëàçåð ñ äëèíîé âîëíû èçëó÷å-
íèÿ (532 Íì). Äëÿ ïîëó÷åíèÿ ãîëîãðàììû áûë èñïîëüçîâàí ìåòîä äâóõ
ýêñïîçèöèé. Ïîëó÷åíèå ïåðâîé ýêñïëîçèè äåëàëîñü ïðè ñîñòîÿíèè, êîãäà
óñòàíîâêà íàõîäèëàñü ïîä íàãðóçêîé, ïîñëå ÷åãî äëÿ ïîëó÷åíèÿ âòîðîé ýêñ-
ïîçèöèè ãðóç ñ óñòàíîâêè ñíèìàëñÿ. Äëÿ ýêñïåðèìåíòà èñïîëüçîâàëñÿ äèñê,
ñäåëàííûé èç îðãñòåêëà äèàìåòðîì 80 ìì, è òîëùèíîé 6 ìì, îòíîñèòåëüíàÿ
îñâåùåííîñòü èçìåðÿëàñü ëþêñìåòðîì Þ - 16, è èìååò ïîêàçàòåëü ðàâíûé
18, âûäåðæêà äëÿ êàæäîé èç ýêñïîçèöèé ñîñòàâëÿëè 2 ñåêóíäû, íàãðóçêà
äëÿ ïåðâîé ýêñïîçèöèè áûëà ðîâíà 3,5 êã, à äëÿ âòîðîé 2,5 êã. Ãîëîãðàììà,
ïîëó÷åííàÿ â ðåçóëüòàòå èññëåäîâàíèÿ, ïðåäñòàâëåíà íà ðèñóíêå 2.

Ðèñóíîê 2. Ãîëîãðàììà, ïîëó÷åííàÿ ýêñïåðèìåíòàëüíûì ïóòåì

Ëèòåðàòóðà
1. Îñòðîâñêèé Þ.È., Áóòóñîâ Ì.Ì., Îñòðîâñêàÿ Ã.Â., Ãîëîãðàôè÷åñêàÿ èí-

òåðôåðîìåòðèÿ. � Ì.: Íàóêà, 1977, 344.
2. Òðóìáà÷åâ Â.Ô., Ìåòîäèêà èññëåäîâàíèÿ íàïðÿæ¼ííîãî ñîñòîÿíèÿ ìîäåëåé

ìàññèâà ãîðíûõ ïîðîä ìåòîäîì ïîëÿðèçàöèîííî-ãîëîãðàôè÷åñêîé èíòåðôåðîìåò-
ðèè. // Ìîñêâà, 1984. � 53.

3. Îñòåìèí À.À., Óòêèí Ï.Á., Íàïðÿæ¼ííî-äåôîðìèðîâàííîå ñîñòîÿíèå è
êîýôôèöèåíòû èíòåíñèâíîñòè íàïðÿæåíèé íàêëîííîãî ýëëèïòè÷åñêîãî äåôåêòà
â ïëàñòèíå ïðè äâóõîñíîì íàãðóæåíèè // Ìåõàíèêà òâ¼ðäîãî òåëà � 2. (2010),
1-16.
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ÃÓÌÀÍÈÒÀÐÍÛÕ ÏÅÄÀÃÎÃÈ×ÅÑÊÈÕ ÏÐÎÔÈËÅÉ
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Â.Í. Àíèñüêèí, Î.À. ßíêåâè÷
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ÓÄÊ 378.147

Â ðàáîòå àíàëèçèðóåòñÿ äèäàêòè÷åñêèé ïîòåíöèàë òåõíîëîãèè òåçàó-
ðóñíîãî ïîäõîäà â ïðåïîäàâàíèè îòäåëüíûõ âîïðîñîâ ìàòåìàòèêè ñòó-
äåíòàì åñòåñòâåííîíàó÷íûõ è ãóìàíèòàðíûõ ïåäàãîãè÷åñêèõ ïðîôè-
ëåé ïîäãîòîâêè, îïðåäåëÿåòñÿ âëèÿíèå ïðèìåíåíèÿ ìàòåìàòè÷åñêèõ
ìåòîäîâ â ðåøåíèè ýëåìåíòàðíûõ ôèçè÷åñêèõ è àñòðîíîìè÷åñêèõ çà-
äà÷ íà ôîðìèðîâàíèè è ðàçâèòèå ïðåäìåòíîãî òåçàóðóñà áóäóùèõ ïå-
äàãîãîâ.

Êëþ÷åâûå ñëîâà: òåçàóðóñíûé ïîäõîä, ïîäãîòîâêà ïåäàãîãîâ, îáó÷åíèå
ìàòåìàòèêå.

Thesaurus approach to teaching mathematics to students of
natural science and humanities pedagogical training profiles

The paper analyzes the didactic potential of the thesaurus approach tech-
nology in teaching certain questions of mathematics to students of natural
science and humanities pedagogical training profiles, determines the im-
pact of the use of mathematical methods in solving elementary physical
and astronomical problems on the formation and development of the sub-
ject thesaurus of future teachers.

Keywords: thesaurus approach, teacher training, teaching mathematics.

Ôîðìèðîâàíèå è ðàçâèòèå ïðîôåññèîíàëüíî-ïåäàãîãè÷åñêîãî è ïðåäìåò-
íîãî òåçàóðóñîâ áóäóùèõ ó÷èòåëåé-ïðåäìåòíèêîâ åñòåñòâåííîíàó÷íûõ è ãó-
ìàíèòàðíûõ ó÷åáíûõ äèñöèïëèí ÿâëÿåòñÿ îäíîé èç àêòóàëüíûõ çàäà÷ âûñ-
øåãî ïåäàãîãè÷åñêîãî îáðàçîâàíèÿ [1].

Î÷åâèäíî, ÷òî â óñëîâèÿõ ïåðåõîäà ê öèôðîâèçàöèè îáðàçîâàíèÿ
âàæíóþ ðîëü èãðàåò îâëàäåíèå ñòóäåíòàìè âñåõ ïåäàãîãè÷åñêèõ ïðî-
ôèëåé ïîäãîòîâêè ñîâðåìåííûìè è ïåðñïåêòèâíûìè èíôîðìàöèîííî-
êîììóíèêàöèîííûìè SMART-òåõíîëîãèÿìè, êîòîðîå, â ñâîþ î÷åðåäü,
íåâîçìîæíî áåç äîñòàòî÷íîãî óðîâíÿ ó÷åáíûõ è îáùåïðîôåññèîíàëüíûõ
êîìïåòåíöèé, ñâÿçàííûõ ñ óìåíèåì îáó÷àþùèõñÿ ãðàìîòíî, ëîãè÷íî è àðãó-
ìåíòèðîâàííî ôîðìèðîâàòü ñîáñòâåííûå ñóæäåíèÿ è îöåíêè; îòëè÷àòü ôàê-
òû îò ìíåíèé, èíòåðïðåòàöèé, îöåíîê äðóãèõ ó÷àñòíèêîâ îáðàçîâàòåëüíîé
è èíîé äåÿòåëüíîñòè; îáëàäàòü ñïîñîáíîñòÿìè óñòàíàâëèâàòü ðàçíûå âèäû
êîììóíèêàöèé (ó÷åáíûõ, äåëîâûõ, íåôîðìàëüíûõ è äð.); à òàêæå ñïîñîáíî-
ñòÿìè îñóùåñòâëÿòü ïåäàãîãè÷åñêóþ äåÿòåëüíîñòü íà îñíîâå ñïåöèàëüíûõ
íàó÷íûõ çíàíèé.

Â íàøåì èññëåäîâàíèè ïðåäïðèíÿòà ïîïûòêà îïðåäåëåíèÿ âëèÿíèÿ òåõ-
íîëîãèè òåçàóðóñíîãî ïîäõîäà íà ôîðìèðîâàíèå è ðàçâèòèå âûøåóêàçàííûõ
êîìïåòåíöèé áóäóùèõ ïåäàãîãîâ.

Àíèñüêèí Âëàäèìèð Íèêîëàåâè÷, ê.ï.í., äîöåíò, äåêàí, Ñàìàðñêèé ãîñóäàðñòâåííûé
ñîöèàëüíî-ïåäàãîãè÷åñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ); Vladimir Aniskin (Samara State
University of Social Sciences and Education, Samara, Russia).

ßíêåâè÷ Îëüãà Àëåêñàíäðîâíà, ñòàðøèé ïðåïîäàâàòåëü, Ñàìàðñêèé ãîñóäàðñòâåí-
íûé ñîöèàëüíî-ïåäàãîãè÷åñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ); Olga Yankevich (Samara
State University of Social Sciences and Education, Samara, Russia).
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Îäíà èç çàäà÷ ðàáîòû � ïîêàçàòü, êàê ïðèìåíåíèå ìàòåìàòè÷åñêèõ ìå-
òîäîâ ê ðåøåíèþ ïðîñòåéøèõ çàäà÷ ïî ôèçèêå è àñòðîíîìèè âîçäåéñòâóåò
íà ïîâûøåíèå îáùåé ãðàìîòíîñòè ñòóäåíòîâ. Ðàçóìååòñÿ, ñî ñòîðîíû îò-
äåëüíûõ îáó÷àþùèõñÿ � ¾ãóìàíèòàðèåâ¿, ¾åñòåñòâåííèêîâ¿ è äàæå ¾ìà-
òåìàòèêîâ¿ ïî ñêëàäó èõ óìà è ïðèâû÷íûõ ïðåäñòàâëåíèé î ñîäåðæàíèè
ó÷åáíûõ ïðåäìåòîâ â ïðîöåññå îáó÷åíèÿ âñòðå÷àåòñÿ íåêîòîðîå íåäîïîíè-
ìàíèå è ñîïðîòèâëåíèå ïîäðîáíîìó ìàòåìàòè÷åñêîìó ðàçáîðó ðåøåíèÿ ýòèõ
çàäà÷, ÷òî âïîëíå ìîæíî îáúÿñíèòü íåîáõîäèìîñòüþ ïîëó÷åíèÿ â áîëüøèí-
ñòâå çàäà÷ êîíêðåòíîãî îòâåòà, à íå ñïîñîáà ðåøåíèÿ.

Îäíàêî, âïîñëåäñòâèè òàêèå ñòóäåíòû, êàê ïðàâèëî, ñîãëàøàþòñÿ ñ îáÿ-
çàòåëüíîñòüþ ïðèìåíåíèÿ ìàòåìàòè÷åñêèõ ìåòîäîâ, êîãäà âèäÿò ðàçíûå âà-
ðèàíòû îòâåòîâ (è äàæå íåâîçìîæíîñòü ïîëó÷åíèÿ êîíêðåòíîãî îòâåòà), íà-
ïðèìåð, â îäèíàêîâûõ çàäà÷àõ ñ ðàçëè÷íûìè íà÷àëüíûìè óñëîâèÿìè (ðàñ-
ñìîòðåíèå çàäà÷è N ãðàâèòèðóþùèõ òåë; çàäà÷, ñâÿçàííûõ ñ óðàâíåíèÿìè
âíóòðåííåãî ñòðîåíèÿ çâåçäû � çàêîíàìè ñîõðàíåíèÿ ýíåðãèè è åå ïåðåíîñà
èçëó÷åíèåì èëè êîíâåêöèåé; è äàæå êèíåìàòè÷åñêèõ çàäà÷, ïðåäïîëàãàþ-
ùèõ ñâÿçü ïîâñåäíåâíî íàáëþäàåìûõ â ðåàëüíîé æèçíè äâèæåíèÿ ìàòåðè-
àëüíûõ òî÷åê è òåë ñ çàêîíàìè ìåõàíèêè).

Àíàëèç èçâåñòíûõ êèíåìàòè÷åñêèõ çàäà÷ [2] òðåáóåò îïðåäåëåííîãî
óðîâíÿ âëàäåíèÿ äèôôåðåíöèàëüíûì è èíòåãðàëüíûì èñ÷èñëåíèåì, ïîýòî-
ìó èíîãäà âûçûâàåò çàòðóäíåíèÿ ó îáó÷àþùèõñÿ íà íà÷àëüíîì ýòàïå. Âïî-
ñëåäñòâèè ïîäàâëÿþùåå áîëüøèíñòâî ñòóäåíòîâ âûðàæàåò ñîãëàñèå ñ òåì,
÷òî ãîðàçäî ïðîùå îñâîèòü íåñêîëüêî ìåòîäîâ è îäíó ñîîòâåòñòâóþùóþ èì
òåðìèíîëîãèþ (òåçàóðóñ) è ñ èõ ïîìîùüþ ðåøàòü áîëüøîå êîëè÷åñòâî ðàç-
íîîáðàçíûõ ¾òèïè÷íûõ¿ çàäà÷, íåæåëè çàïîìèíàòü äîñòàòî÷íî ñëîæíûå
ðåçóëüòàòû ðåøåíèÿ êàæäîé êîíêðåòíîé çàäà÷è (êîëåáàòåëüíûå äâèæåíèÿ
ìàÿòíèêà è øàòóíà êðèâîøèïíî-ïîëçóííîãî ìåõàíèçìà; âðàùåíèå äèñêà ïà-
ðîâîé òóðáèíû è âðàùåíèå âàëà ãèðåé, ïîäâåøåííîé ê íåìó íà íèòè è ò.ï.).

Â öåëîì, íàø îïûò ïîêàçûâàåò, ÷òî ñèñòåìàòè÷íîå èñïîëüçîâàíèå ìàòå-
ìàòè÷åñêèõ ìåòîäîâ ïðèìåíèìî ê ðåøåíèþ ýëåìåíòàðíûõ çàäà÷ îáîãàùàåò
êàê ïðåäìåòíûé, òàê è ïðîôåññèîíàëüíûé òåçàóðóñ ñòóäåíòîâ åñòåñòâåííî-
íàó÷íûõ è ãóìàíèòàðíûõ ïðîôèëåé íàïðàâëåíèÿ ïîäãîòîâêè Ïåäàãîãè÷å-
ñêîå îáðàçîâàíèå.

Ëèòåðàòóðà
1. Àíèñüêèí Â.Í., Äîáóäüêî Ò.Â., Êèñëîâà Í.Í., ßíêåâè÷ Î.À., Ïðèìåíåíèå

òåõíîëîãèè òåçàóðóñíîãî ïîäõîäà â ïðåïîäàâàíèè èíôîðìàòèêè è ÈÊÒ ñòóäåí-
òàì ãóìàíèòàðíûõ è òâîð÷åñêèõ ïðîôèëåé áàêàëàâðèàòà íàïðàâëåíèÿ ïîäãîòîâ-
êè Ïåäàãîãè÷åñêîå îáðàçîâàíèå // Àçèìóò íàó÷íûõ èññëåäîâàíèé: ïåäàãîãèêà è
ïñèõîëîãèÿ. 2020. Ò. 9. �4 (33), 115-120.

2. Àíòîíîâ È.Ë., Êàê ðåøàòü çàäà÷è ïî òåîðåòè÷åñêîé ìåõàíèêå. � Ìîñêâà:
Èçä-âî Ìîñê. óí-òà, 2008.
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Ðàññìîòðåíà ïëîñêàÿ çàäà÷à ïîëçó÷åñòè äëÿ ïðÿìîóãîëüíîé îáëàñòè
íà îñíîâå äðîáíîãî àíàëîãà ìîäåëè Ôîéõòà â óñëîâèÿõ àíèçîòðîïèè.
Îáîñíîâàíà êîððåêòíîñòü ïîñòàâëåííîé çàäà÷è, äîêàçàíà íåïðåðûâ-
íàÿ çàâèñèìîñòü íàéäåííûõ ðåøåíèé îò ïàðàìåòðîâ.

Êëþ÷åâûå ñëîâà: ïîëçó÷åñòü, äðîáíîå èñ÷èñëåíèå, àíèçîòðîïèÿ

Solution of the plane creep problem for a hereditarily elastic
rectangular region under anisotropy conditions

The plane creep problem for a rectangular region is considered on the basis
of a fractional analogue of the Voigt model under anisotropy conditions,
the correctness of the problem posed is substantiated, and the continuous
dependence of the found solutions on parameters is proved.

Keywords: creep, fractional calculus, anisotropy

Õîðîøî èçâåñòíî, ÷òî â ïðåäïîëîæåíèè àíèçîòðîïèè îáîáùåííûé çàêîí
Ãóêà äëÿ ïëîñêîé äåôîðìàöèè ìîæíî çàïèñàòü â âèäå

εx =
σx
Ex

− µx
σy
Ey

,

εy =
σy
Ey

− µy
σx
Ex

,
(1)

ãäå εx, εy � äåôîðìàöèè, σx, σy � íàïðÿæåíèÿ, Ex, Ey � ìîäóëè óïðóãîñòè,
µx, µy � êîýôôèöèåíòû Ïóàññîíà â íàïðàâëåíèè óêàçàííûõ îñåé.

Åñëè â ðàâåíñòâàõ (1) çàìåíèòü ìîäóëè Þíãà Ex è Ey íà äèôôåðåí-
öèàëüíûå îïåðàòîðû E1 + η1

d
dt è E2 + η2

d
dt ñîîòâåòñòâåííî, òî ïîëó÷èì

âÿçêîóïðóãóþ ìîäåëü òèïà ìîäåëè Ôîéõòà äëÿ àíèçîòðîïíîãî ìàòåðèàëà
â ïëîñêîì ñëó÷àå:{(

E1 + η1
d
dt

) (
E2 + η2

d
dt

)
εx =

(
E2 + η2

d
dt

)
σx − µx

(
E1 + η1

d
dt

)
σy,(

E1 + η1
d
dt

) (
E2 + η2

d
dt

)
εy =

(
E1 + η1

d
dt

)
σy − µy

(
E2 + η2

d
dt

)
σx.

(2)

Ïóñòü σx = σ0
xH(t) è σy = σ0

yH(t), ãäå σ0
x, σ

0
y � const > 0, à

H(t) � ôóíêöèÿ Õåâèñàéäà.
Ñèñòåìà óðàâíåíèé (2) ÿâëÿåòñÿ ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíå-

íèé âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè è èçâåñòíûìè ïðàâû-
ìè ÷àñòÿìè. Íåòðóäíî íàéòè åå ðåøåíèå ñ íà÷àëüíûìè óñëîâèÿìè εx(0) = 0,
ε̇x(0) =

σx

η1
− µxσy

η2
, εy(0) = 0, ε̇y(0) =

σy

η2
− µyσx

η1
.

Àðëàíîâà Åêàòåðèíà Þðüåâíà, ê.ô.-ì.í., äîöåíò, Ñàìàðñêèé ãîñóäàðñòâåííûé òåõ-
íè÷åñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ); Ekaterina Arlanova (Samara State Technical
University, Samara, Russia)

Îãîðîäíèêîâ Åâãåíèé Íèêîëàåâè÷, ê.ô.-ì.í., äîöåíò, Ñàìàðñêèé ãîñóäàðñòâåííûé
òåõíè÷åñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ); Evgeniy Ogorodnikov (Samara State Technical
University, Samara, Russia)

Êðàñèëüíèêîâà Àíàñòàñèÿ Àëåêñååâíà, ìàãèñòðàíò, Ñàìàðñêèé ãîñóäàðñòâåííûé òåõ-
íè÷åñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ); Anastasia Krasilnikova (Samara State Technical
University, Samara, Russia)
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Îíî áóäåò èìåòü âèä:
εx(t) =

σx
E1

(
1− e−

E1
η1

t)− µxσy
E2

(
1− e−

E2
η2

t),
εy(t) =

σy
E2

(
1− e−

E2
η2

t)− µyσx
E1

(
1− e−

E1
η1

t). (3)

Èçâåñòíî, ÷òî ïåðåõîä îò êëàññè÷åñêèõ ðåîëîãè÷åñêèõ ñîîòíîøåíèé ê
äðîáíûì ìîäåëÿì âÿçêîóïðóãîãî ïîâåäåíèÿ äåôîðìèðóåìûõ ñðåä ìîæíî
îñóùåñòâèòü çàìåíîé âÿçêèõ ýëåìåíòîâ ñòðóêòóðíîé ìîäåëè, ïîä÷èíåííûõ
çàêîíó Íüþòîíà, ýëåìåíòàìè Ñêîòò Áëýðà. Òîãäà ñèñòåìà îïðåäåëÿþùèõ
ñîîòíîøåíèé ìåæäó íàïðÿæåíèÿìè è äåôîðìàöèÿìè çàïèøåòñÿ â âèäå{

(E1 + η1D
α1
0t )(E2 + η2D

α2
0t )εx = (E2 + η2D

α2
0t )σx − µx(E1 + η1D

α1
0t )σy,

(E1 + η1D
α1
0t )(E2 + η2D

α2
0t )εy = (E1 + η1D

α1
0t )σy − µy(E2 + η2D

α2
0t )σx,

(4)

ãäå Dα1
0t , Dα2

0t � äðîáíûå ïðîèçâîäíûå Ðèìàíà�Ëèóâèëëÿ ïîðÿäêîâ
αi ∈ (0, 1), i = 1, 2.

Â ðàáîòå îáîñíîâàíà ýêâèâàëåíòíîñòü ðåäóêöèè ñèñòåìû äðîáíûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé (4) ê ñèñòåìå äâóõ íåçàâèñèìûõ èíòåãðàëüíûõ
óðàâíåíèé âîëüòåððîâñêîãî òèïà. Íàïðèìåð, ïåðâîå èíòåãðàëüíîå óðàâíå-
íèå èìååò âèä:

(I − λ1I
α1
0t )(I − λ2I

α2
0t )εx = fx(t),

ãäå Iαi
0t � äðîáíûå èíòåãðàëû Ðèìàíà�Ëèóâèëëÿ, λi = −Ei/ηi, i = 1, 2;

fx(t) =
1
η1
Iα1
0t σx−

µx

η2
Iα2
0t σy− λ2

η1
Iα1+α2
0t σx+

µxλ1

η2
Iα1+α1
0t σy, I � òîæäåñòâåííûé

îïåðàòîð.
Åãî ðåøåíèå â òåðìèíàõ ðåçîëüâåíòíîãî îïåðàòîðà [1]

Eµ,α
ax;λ =

x∫
a

Exp(α, µ;λ;x− t)f(t) dt,

ãäå Exp(α, µ;λ; t) = tµ−1Eα(λt
α;µ) � îáîáùåííàÿ äðîáíàÿ ýêñïîíåíöèàëü-

íàÿ ôóíêöèÿ, Eα(z;µ) � ôóíêöèÿ òèïà Ìèòòàã�Ëåôôëåðà, çàïèñûâàåòñÿ
â âèäå

εx(t) = (I + λ1E
α1,α1

0t;λ1
)(I + λ2E

α2,α2

0t;λ2
)f(t).

Àíàëîãè÷íîå ðàâåíñòâî ñïðàâåäëèâî è äëÿ εy(t).
Èñïîëüçóÿ àëãåáðó îïåðàòîðîâ Eµ,α

ax;λ, íåêîòîðûå ñâîéñòâà äðîáíûõ ýêñ-
ïîíåíöèàëüíûõ ôóíêöèé, ïîðîæäåííûõ ôóíêöèåé òèïà Ìèòòàã�Ëåôôëå-
ðà íåñêîëüêèõ àðãóìåíòîâ, ðåøåíèå ïîñòàâëåííîé çàäà÷è óäàåòñÿ íàéòè â
ñëåäóþùåì âèäå:

εx(t) =
σx
E1

[
1− Exp(α1; 1; λ1; t)

]
− µxσy

E2

[
1− Exp(α2; 1; λ2; t)

]
,

εy(t) =
σy
E2

[
1− Exp(α2; 1; λ2; t)

]
− µyσx

E1

[
1− Exp(α1; 1; λ1; t)

]
.

(5)

Ïðè α1 → 1 è α2 → 1 ïîëó÷åííîå ðåøåíèå (5) ïåðåõîäèò â ðåøåíèå
çàäà÷è î ïîëçó÷åñòè (3) â ðàìêàõ êëàññè÷åñêèé ìîäåëè (2).

Ëèòåðàòóðà
1. Îãîðîäíèêîâ Å.Í., Ðàä÷åíêî Â.Ï., Óíãàðîâà Ë.Ã., Ìàòåìàòè÷åñêîå ìîäå-

ëèðîâàíèå íàñëåäñòâåííî óïðóãîãî äåôîðìèðóåìîãî òåëà íà îñíîâå ñòðóêòóðíûõ
ìîäåëåé è àïïàðàòà äðîáíîãî èíòåãðîäèôôåðåíöèðîâàíèÿ Ðèìàíà�Ëèóâèëëÿ //
Âåñòí. Ñàì. ãîñ. òåõí. óí-òà. Ñåð. Ôèç.-ìàò. íàóêè, 2016, �1(20). 167�194.
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ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ
ÈÍÄÈÂÈÄÓÀËÜÍÛÕ ÏÎÊÀÇÀÒÅËÅÉ ÍÀÄÅÆÍÎÑÒÈ ÍÀ

ÑÒÀÄÈÈ ÝÊÑÏËÓÀÒÀÖÈÈ ÏÎ ÈÇÄÅËÈÞ-ËÈÄÅÐÓ
Å.À. Àôàíàñüåâà

afanasieva.ea@samgtu.ru

ÓÄÊ 539.3

Èçâåñòíûå ìåòîäû ïðîãíîçèðîâàíèÿ èíäèâèäóàëüíîé íàäåæíîñòè ýëå-
ìåíòîâ êîíñòðóêöèé òðåáóþò áîëüøîé îáúåì ñòàòèñòè÷åñêîé èíôîð-
ìàöèè, êîòîðûé íå âñåãäà ìîæíî ïîëó÷èòü. Â ñâÿçè ñ ýòèì ðàçðàáî-
òàí ìåòîä ïðîãíîçèðîâàíèÿ ïî èçäåëèþ ëèäåðó, òðåáóþùèé ìèíèìóì
èíôîðìàöèè. Àïðîáàöèÿ ìåòîäà ðàññìîòðåíà íà ïðèìåðå ïîëçó÷åñòè
ðåçüáîâîãî ñîåäèíåíèÿ èç ñòàëè 45 ïðè T = 723 K.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, èíäèâèäóàëüíàÿ íà-
äåæíîñòü êîíñòðóêöèè, ìåòîä íàèìåíüøèõ êâàäðàòîâ

Mathematical modeling of reliability indicators at the stage of
operation for a leader product

The known methods for predicting the individual reliability of structural
elements require a large amount of statistical information, which is not
always possible to obtain. In this regard, a forecasting method for a prod-
uct leader has been developed, which requires a minimum of information.
Approbation of the method is considered on the example of creep of a
threaded connection made of steel 45 at T = 723K.

Keywords: mathematical modeling, individual design reliability, least
squares method

Èìåþòñÿ äâà îäíîòèïíûõ êîíñòðóêòèâíûõ ýëåìåíòà, íàõîäÿùèõñÿ â îäè-
íàêîâûõ óñëîâèÿõ ýêñïëóàòàöèè, îäíàêî îäíî èç èçäåëèé íà÷èíàåò ôóíêöè-
îíèðîâàòü íà íåêîòîðîå âðåìÿ τ ðàíüøå âòîðîãî. Äàííûé ôàêò äåëàåò âîç-
ìîæíûì îñóùåñòâëåíèå ïðîãíîçà ïîâåäåíèÿ ïåðåìåùåíèÿ âòîðîãî èçäåëèÿ,
èñõîäÿ èç ïîâåäåíèÿ ïåðâîãî (ëèäåðà). Äëÿ ìåòàëëè÷åñêèõ êîíñòðóêöèé
çíà÷åíèÿ êîððåëÿöèîííîé ìàòðèöû ïî âñåìó îáúåìó êðèâûõ îáîáùåííîãî
ïåðåìåùåíèÿ èìåþò ïîðÿäîê 0.7�0.9. Ó÷èòûâàÿ ýòî, ââîäèòñÿ ïðåäïîëî-
æåíèå, ÷òî ïðè îäèíàêîâûõ âõîäíûõ âîçäåéñòâèÿõ êðèâûå äëÿ ïàðû èçäå-
ëèé áóäóò ïîäîáíû. Ñâÿçü ìåæäó îáîáùåííûìè ïåðåìåùåíèÿìè ýëåìåíòà-
ëèäåðà è èññëåäóåìîãî ýëåìåíòà ìîæåò áûòü ïðåäñòàâëåíà â âèäå

p = kp0 + ε,

ãäå p = {p (t1) , p (t2) , . . . , p (tn)}T� âåêòîð çíà÷åíèé îáîáù¼ííîãî ïå-
ðåìåùåíèÿ èññëåäóåìîãî ýëåìåíòà íà íà÷àëüíîì ýòàïå ýêñïëóàòàöèè;

p0 =
{
p0 (t1) , p

0 (t2) , . . . , p
0 (tn)

}T
� âåêòîð çíà÷åíèé îáîáù¼ííîãî ïåðåìå-

ùåíèÿ ýëåìåíòà-ïðîòîòèïà; ε = {ε1, ε2, . . . , εn}T� âåêòîð íåñìåùåííûõ,
íåêîððåëèðîâàííûõ, íîðìàëüíî ðàñïðåäåëåííûõ è èìåþùèõ îäèíàêîâóþ
äèñïåðñèþ îøèáîê.

ÌÍÊ-îöåíêè íåèçâåñòíîãî ïàðàìåòðà è äèñïåðñèè îøèáîê íàõîäÿòñÿ ïî
ôîðìóëàì

Àôàíàñüåâà Åëåíà Àíäðååâíà, àñïèðàíò, Ñàìàðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé
óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ); Elena Afanaseva (Samara State Technical University,
Samara, Russia)
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k̂ =

n∑
i=1

p0i · pi/
n∑

i=1

(
p0i
)2
, s20 =

(
n∑

i=1

p2i − k̂2
n∑

i=1

(
p0i
)2)

/(n− 1) (1)

Ïðîãíîç îáîáùåííîãî ïåðåìåùåíèÿ èññëåäóåìîãî ýëåìåíòà êîíñòðóêöèè
îñóùåñòâëÿåòñÿ ñ ïîìîùüþ ñîîòíîøåíèÿ

p̂ (t) = k̂ · p0 (t) ,
ãäå t > tn, tn� êðàéíÿÿ ïðàâàÿ òî÷êà áàçû íàáëþäåíèé.

Òàê êàê ðåãðåññîðû p0i , i = 1, n, è îòêëèêè pi, i = 1, n, ÿâëÿþòñÿ âå-
ëè÷èíàìè íåñëó÷àéíûìè, ïîýòîìó ïîñòðîåíèå N · 100(1− α)� ïðîöåíòíûõ
äîâåðèòåëüíûõ èíòåðâàëîâ ìîãóò îñóùåñòâëÿþòñÿ ïî ôîðìóëå

p̂j ± Uα
N,n−1 · s0

(
1 + vj∗

)1/2
, vj∗ =

1

n
+
(
p0j
)2
/

n∑
i=1

(
p0j
)2
, j = 1, N,

ãäåN� ÷èñëî ðåàëèçàöèé, çíà÷åíèÿ Uα
N,n−1 áåðóòñÿ èç ñïåöèàëüíûõ òàáëèö.

Ðàññìîòðèì ïðèìåíåíèå èçëîæåííîãî ìåòîäà íà ïðèìåðå ïîëçó÷åñòè
ðåçüáîâîãî ñîåäèíåíèÿ èç ñòàëè 45 ïðè T = 723K [1]. Â êà÷åñòâå îáîáùåí-
íîé ñèëû âûñòóïàåò ðàñòÿãèâàþùåå óñèëèå Q, à îáîáùåííûì ïåðåìåùåíèåì
ÿâëÿåòñÿ îñåâîå ïåðåìåùåíèå ðåçüáîâîãî ñîåäèíåíèÿ ∆lp. Ïî ôîðìóëàì (1)

áûëè âû÷èñëåíû ÌÍÊ-îöåíêè êîýôôèöèåíòà ïîäîáèÿ k̂ è äèñïåðñèÿ îøè-
áîê s20. Êàê âèäíî èç ðèñ.1, ïðîãíîç íà âðåìåííîé èíòåðâàë [17.4�75] (÷),
êîòîðûé áîëüøå áàçîâîãî âðåìåíè [0�17.4] (÷) äà¼ò õîðîøèé ðåçóëüòàò.

Ðèñ. 1: Èíäèâèäóàëüíîå ïðîãíîçèðîâàíèå îñåâîãî ïåðåìåùåíèÿ ∆lp îò ïîë-
çó÷åñòè îáðàçöà 1 ïî èçäåëèþ-ëèäåðó 2: êðóæî÷êè � ýêñïåðèìåíòàëüíûå
çíà÷åíèÿ ∆lp îáðàçöà 2; êðåñòèêè � ýêñïåðèìåíòàëüíûå çíà÷åíèÿ ∆lp îá-
ðàçöà 1; çàêðàøåííûå êðóæî÷êè � ðàñ÷åòíûå çíà÷åíèÿ∆lp îáðàçöà 1; ïóíê-
òèðíûå ëèíèè� 95-ïðîöåíòíûé äîâåðèòåëüíûé èíòåðâàë

Òàêèì îáðàçîì, â äàííîé ðàáîòå ïðåäñòàâëåí ìåòîä èíäèâèäóàëüíîãî
ïðîãíîçèðîâàíèÿ ïî èçäåëèþ-ëèäåðó, êîòîðûé íå òðåáóåò áîëüøîãî îáúåìà
ñòàòèñòè÷åñêîé èíôîðìàöèè.

Ëèòåðàòóðà
1. Òîìý Â.Ô., Ïðèìåíåíèå òåîðèè óïðàâëåíèÿ ê èññëåäîâàíèþ ïîëçó÷åñòè

ðåçüáîâûõ ñîåäèíåíèé // Ïðî÷íîñòü è íàäåæíîñòü êîíñòðóêöèé: Ñá.íàó÷. òð.-
Êóéáûøåâ: Êóéáûø. ïîëèòåõí. èí-ò (1981),160-164.
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ÎÏÐÅÄÅËÅÍÈÅ ÏÀÐÀÌÅÒÐÎÂ ÌÅÕÀÍÈÊÈ
ÐÀÇÐÓØÅÍÈß ÌÅÒÎÄÎÌ ÃÎËÎÃÐÀÔÈ×ÅÑÊÎÉ

ÈÍÒÅÐÔÅÐÎÌÅÒÐÈÈ
Ä.Â. Áàõàðåâ, Þ.Í. Áàõàðåâà

baharevdv@gmail.com, bakharevayu@yandex.ru

ÓÄÊ 539.376

Ðåàëèçîâàí àëãîðèòì îáðàáîòêè êîìïëåêñà ýêñïåðèìåíòàëüíûõ äàí-
íûõ, ïîëó÷åííûõ ìåòîäîì ãîëîãðàôè÷åñêîé èíòåðôåðîìåòðèè. Îïðå-
äåëåíû ìåòîäîì òàðèðîâêè îïòè÷åñêèå êîíñòàíòû ìàòåðèàëà è âû÷èñ-
ëåíû ïàðàìåòðû ìåõàíèêè ðàçðóøåíèÿ.

Êëþ÷åâûå ñëîâà: ãîëîãðàôè÷åñêàÿ èíòåðåôåðîìåòðèÿ, íàïðÿæåíèÿ ó
âåðøèíû òðåùèíû

Determination of fracture mechanics parameters by
holographic interferometry method

Full set of experimental data obtained by the method of holographic in-
terferometry is implemented.The optical constants of the material are
determined by the calibration method and the parameters of fracture me-
chanics are calculated.

Keywords: holographic interferometry, crack tip stress

Àíàëèç ðàñïðåäåëåíèÿ êîìïîíåíò ïîëÿ íàïðÿæåíèé â îêðåñòíîñòè âåð-
øèíû òðåùèíû ÿâëÿåòñÿ îäíîé èç ãëàâíûõ çàäà÷ ìåõàíèêè ðàçðóøåíèÿ,
ïðîâåñòè êîòîðûé ìîæíî òðåìÿ ïðèíöèïèàëüíî ðàçíûìè ìåòîäàìè: àíà-
ëèòè÷åñêèì, ÷èñëåííûì è ýêñïåðèìåíòàëüíûì[1]. Ñðåäè âñåõ ýêñïåðèìåí-
òàëüíûõ ìåòîäîâ ìåõàíèêè äåôîðìèðóåìûõ òâåðäûõ òåë îñîáûé èíòåðåñ ó
èññëåäîâàòåëåé âûçûâàþò îïòè÷åñêèå ìåòîäû[2]. Äåéñòâèòåëüíî, èõ ïðèìå-
íåíèå ïîçâîëÿåò ïîëó÷èòü îòâåòû íà çàäà÷è ïðàêòèêè òàì, ãäå àíàëèòè-
÷åñêèé ðàñ÷åò çàòðóäíåí èëè ïîðîé äàæå íåâîçìîæåí, à òàêæå ïðîâåðèòü
òî÷íîñòü è ïðàâèëüíîñòü ïðèáëèæåííûõ ðàñ÷åòíûõ ìåòîäîâ.

Íàèáîëüøàÿ òðóäîåìêîñòü ýêñïåðèìåíòàëüíûõ ìåòîäîâ çàêëþ÷àåòñÿ â
îáðàáîòêå äàííûõ, ïîëó÷åííûõ â ðåçóëüòàòå ýêñïåðèìåíòà. Ðàçðàáîòàí è
ðåàëèçîâàí â ñðåäà ðàçðàáîòêè Anaconda äëÿ Python àëãîðèòì öèôðîâîé
îáðàáîòêè ýêñïåðèìåíòàëüíûõ äàííûõ, ïîëó÷åííûõ ãîëîãðàôè÷åñêîé èí-
òåðôåðîìåòðèè, çàêëþ÷àþùèéñÿ â ñëåäóþùåì:

1. Ïðîöåäóðà êîððåêòèðîâêè èçîáðàæåíèé è ïîäáîðà ïàðàìåòðîâ èõ
ôèëüòðàöèè;

2. Ïîëóàâòîìàòè÷åñêîå íàõîæäåíèå òî÷åê èçîäðîì (èçîõðîì) ñ íàèìåíü-
øåé (íàèáîëüøåé) îñâåùåííîñòüþ;

3. Îïðåäåëåíèå êîîðäèíàò ýòèõ òî÷åê è ïîðÿäêîâîãî íîìåðà ñîîòâåòñòâó-
þùåé ïîëîñû, â ïîñëåäóþùèì ñîõðàíåíèåì â òåêñòîâûé ôàéë;

4. Ðåàëèçàöèÿ ìåòîäà òàðèðîâêè äëÿ îïðåäåëåíèå îïòè÷åñêèõ êîíñòàíò
ìàòåðèàëà;

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 19-01-00631).
Áàõàðåâ Äìèòðèé Âàëåðüåâè÷, àñïèðàíò, Ñàìàðñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ);

Dmitry Bakharev (Samara University, Samara, Russia)
ÁàõàðåâàÞëèÿ Íèêîëàåâíà, ê.ô.-ì.í., äîöåíò, Ñàìàðñêèé óíèâåðñèòåò (Ñàìàðà, Ðîñ-

ñèÿ); Yuliya Bakhareva (Samara University, Samara, Russia)
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5. Îïðåäåëåíèå ïàðàìåòðîâ ìåõàíèêè ðàçðóøåíèÿ - êîýôôèöèåíû èí-
òåíñèâíîñòè íàïðÿæåíèé, êîìïîíåíòû òåíçîðà íàïðÿæåíèé â îêðåñò-
íîñòè âåðøèíû òðåùèíû.
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ÀËÃÅÁÐÛ Â ÎÁÐÀÒÍÛÕ ÇÀÄÀ×ÀÕ ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ
ÔÈÇÈÊÈ

Ì.È.Áåëèøåâ

belishev@pdmi.ras.ru

ÓÄÊ 510.512

Äîêëàä ïîñâÿùåí ñâÿçÿì îáðàòíûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè ñ
òåîðèåé áàíàõîâûõ àëãåáð. Ýòè ñâÿçè äåìîíñòðèðóþòñÿ íà ïðèìåðå
çàäà÷è ýëåêòðî-èìïåäàíñíîé òîìîãðàôèè ïîâåðõíîñòåé. Îñíîâíîé èí-
ñòðóìåíò ðåøåíèÿ - àëãåáðû ãîëîìîðôíûõ ôóíêöèé íà äâóìåðíûõ
ðèìàíîâûõ ìíîãîîáðàçèÿõ.

Êëþ÷åâûå ñëîâà: îáðàòíûå çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè, áàíàõîâû
àëãåáðû

Algebras in inverse problems of mathematical physics

The talk is devoted to connections between inverse problems of mathemat-
ical physics and Banach algebras theory. These connections are demon-
strated by the example of the Electric Impedance Tomography problem.
The main tool for solving is the holomorphic function algebras on two-
dimensional Riemannian surfaces.

Keywords: inverse problems of mathematical physics, Banach algebrasd

• Ïóñòü (Ω, g) åñòü äâóìåðíîå ãëàäêîå êîìïàêòíîå Ðèìàíîâî ìíîãîîáðàçèå
(ïîâåðõíîñòü) ñ êðàåì Γ. Ðàññìîòðèì (ïðÿìóþ) çàäà÷ó

∆gu = 0 â Ω \ Γ, u = f íà Γ,

ãäå ∆g åñòü îïåðàòîð Áåëüòðàìè-Ëàïëàñà, f - ãëàäêàÿ ôóíêöèÿ, u = uf (x)
- ðåøåíèå. Çàäà÷å ñîïîñòàâëÿåòñÿ ÄÍ-îïåðàòîð (îòîáðàæåíèå "Äèðèõëå-
Íåéìàí") Λ : f 7→ ∂νu

f |Γ, ãäå ν - âíåøíÿÿ íîðìàëü ê êðàþ.
Îáðàòíàÿ çàäà÷à ñîñòîèò â âîññòàíîâëåíèè ïîâåðõíîñòè ïî åå ÄÍ-

îïåðàòîðó. Ïîä ðåøåíèåì ïîíèìàåòñÿ ïîâåðõíîñòü (Ω′, g′), ñ êðàåì Γ′ è ÄÍ-
îïåðàòîðîì Λ′, òàêèìè, ÷òî âûïîëíåíî Γ′ = Γ è Λ′ = Λ. Ìû íàçûâàåì
(Ω′, g′) êîïèåé îðèãèíàëà (Ω, g). Ïîñòðîåíèå êîïèè - åäèíñòâåííî àäåêâàò-
íîå ïîíèìàíèå îáðàòíîé çàäà÷è.

• Ïóñòü ïîâåðõíîñòü Ω îðèåíòèðóåìà è A(Ω) ⊂ C(Ω;C) åñòü êîììóòàòèâ-
íàÿ áàíàõîâà àëãåáðà ãîëîìîðôíûõ ôóíêöèé. Åå ñïåêòð Â(Ω) (ìíîæåñòâî

õàðàêòåðîâ) ãîìåîìîðôåí ïîâåðõíîñòè: Â(Ω) ∼= Ω.
Ïóñòü A(Γ) := {w|Γ | w ∈ A(Ω)} åñòü àëãåáðà ãðàíè÷íûõ çíà÷åíèé. Â

ñèëó ïðèíöèïà ìàêñèìóìà àëãåáðû A(Ω) è A(Γ) èçîìåòðè÷åñêè èçîìîðôíû.

Êàê ñëåäñòâèå, èõ ñïåêòðû ãîìåîìîðôíû: Â(Γ) ∼= Â(Ω) ∼= Ω.
Îáðàòíàÿ çàäà÷à ðåøàåòñÿ ïî ñëåäóþùåé ñõåìå. Ïî Λ, ñ èñïîëüçîâà-

íèåì óñëîâèé Êîøè-Ðèìàíà íà Γ, îïðåäåëÿåòñÿ àëãåáðà A(Γ) è íàõîäèòñÿ

åå ñïåêòð Â(Γ). Ñïåêòð îñíàùàåòñÿ àäåêâàòíîé òîïîëîãèåé (Ãåëüôàíäà),
ïðåâðàùàþùåé åãî â ïðîñòðàíñòâî Ω′, ãîìåîìîðôíîå ïîâåðõíîñòè Ω. Â Ω′

èäåíòèôèöèðóåòñÿ ãðàíèöà Øèëîâà Γ′ àëãåáðû ïðåîáðàçîâàíèé Ãåëüôàíäà
A(Ω′). Ýòè æå ïðåîáðàçîâàíèÿ îïðåäåëÿþò íà Ω′ ìåòðèêó g′, òàêóþ ÷òî

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò �20-01 627A).
Áåëèøåâ Ìèõàèë Èãîðåâè÷, ä.ô.-ì.í., Ñàíêò-Ïåòåðáóðãñêîå Îòäåëåíèå Ìàòåìàòè÷å-

ñêîãî Èíñòèòóòà èì. Â.À.Ñòåêëîâà ÐÀÍ (ÑÏá, Ðîññèÿ); Mikhail Belishev (St. Petersburg
Department of Steklov Mathematical Institute of RAS, St. Petersburg, Russia)
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(Ω′, g′) îêàçûâàåòñÿ èçîìåòðè÷íûì (Ω, g). Òàêèì îáðàçîì, (Ω′, g′) ÿâëÿåòñÿ
èñêîìîé êîïèåé îðèãèíàëà (Ω, g), ðåøàþùåé çàäà÷ó.

• Âåðñèÿ ýòîãî ïîäõîäà ïîçâîëÿåò âîññòàíàâëèâàòü íåîðèåíòèðóåìûå ïî-
âåðõíîñòè è ïîâåðõíîñòè ñ ëàêóíàìè. Â ýòèõ ñëó÷àÿõ çàäà÷à ðåøàåòñÿ ïå-
ðåõîäîì îò ïîâåðõíîñòè ê åå (îðèåíòèðóåìîé) äâóëèñòíîé íàêðûâàþùåé.

Ðåøåíà çàäà÷à î õàðàêòåðèçàöèè äàííûõ, ò.å. îïèñàíèè íåîáõîäèìûõ
è äîñòàòî÷íûõ óñëîâèé íà îïåðàòîð Λ : C∞(Γ;R) → C∞(Γ;R), ïðè êîòî-
ðûõ îí ÿâëÿåòñÿ ÄÍ-îïåðàòîðîì íåêîòîðîé ïîâåðõíîñòè (Ω, g). Õàðàêòåðè-
çàöèÿ ðåøàåò âîïðîñ î ðàçðåøèìîñòè îáðàòíîé çàäà÷è äëÿ çàäàííîãî Λ.

Ëèòåðàòóðà
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ÌÎÄÅËÈÐÎÂÀÍÈÅ ÃÅÒÅÐÎÃÅÍÍÎÉ
ÏÎËÈÊÐÈÑÒÀËËÈ×ÅÑÊÎÉ ÑÒÐÓÊÒÓÐÛ ÃÖÊ-ÌÅÄÈ

ÌÅÒÎÄÀÌÈ ÌÎËÅÊÓËßÐÍÎÉ ÄÈÍÀÌÈÊÈ Ñ
ÈÑÏÎËÜÇÎÂÀÍÈÅÌ ÏÎÄÕÎÄÀ ÂÎÐÎÍÎÃÎ-ÄÈÐÈÕËÅ

Ñ.À. Áðîííèêîâ, Ë.Â. Ñòåïàíîâà, À.À. Êóëþòíèêîâà

bronnikov@infaculty.ru

ÓÄÊ 51-72
Ñìîäåëèðîâàí îáðàçåö ãåòåðîãåííîé ïîëèêðèñòàëëè÷åñêîé ñòðóê-
òóðû ñ íåñêîëüêèìè öåíòðàìè êðèñòàëëèçàöèè ìåòîäîì ðàçáèå-
íèÿ Âîðîíîãî-Äèðèõëå. Ñâîéñòâà ïîëó÷åííîé ìîäåëè èçó÷åíû ìå-
òîäàìè ìîëåêóëÿðíîé äèíàìèêè è ìîëåêóëÿðíîé ìåõàíèêè. Äëÿ
ìîëåêóëÿðíî-äèíàìè÷åñêèõ ðàñ÷¼òîâ èñïîëüçîâàëñÿ ïðîãðàììíûé ïà-
êåò LAMMPS. Ìîäåëü ñîçäàíà ïðè ïîìîùè àâòîðñêîé ïðîãðàììû

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, ìîëåêóëÿðíàÿ äè-
íàìèêà, óïðóãèå ñâîéñòâà, LAMMPS

Simulating heterogenic polycrystalline structure of
FCC-copper using molecular dynamics (MD) and

Voronoi-Dirichlet tiling

Heterogenic polycristalline specimen with several crystallization centers is
simulated using Voronoi-Dirichlet tiling. Mechanical properties and be-
havior of the model is studied with molecular dynamics (MD) approach.
MD simulations are conducted using LAMMPS package with EAM po-
tentials.

Keywords: mathematics, Banach space, linear operator

Âíóòðåííÿÿ ñòðóêòóðà êðèñòàëëîâ èãðàåò ñóùåñòâåííóþ ðîëü â ìåõàíè-
÷åñêîì ïîâåäåíèè ìåòàëëà. Ñóùåñòâóåò íåñêîëüêî êðèñòàëëè÷åñêèõ ñòðóê-
òóð ìîíîêðèñòàëëè÷åñêîé ìåäè ñ ðàçíûìè ðåøåòêàìè, ïàðàìåòðàìè ðåøåò-
êè è ãðóïïàìè ñèììåòðèè.

Ìíîãîîáðàçèå êðèñòàëëè÷åñêèõ ñòðóêòóð ìåäè ïðèâîäèò ê ðàçíîîáðà-
çèþ ïðîÿâëÿåìûõ åþ ñâîéñòâ, è çà÷àñòóþ êà÷åñòâåííîå èçìåíåíèå ïîâåäå-
íèÿ êðèñòàëëè÷åñêîé ñòðóêòóðû ìîæíî îòñëåäèòü ïî ïåðåõîäó àòîìîâ îò
îäíîé ïðîñòðàíñòâåííîé êîíôèãóðàöèè ê äðóãîé. Îäíàêî ìîíîêðèñòàëëè÷å-
ñêèå ñòðóêòóðû ðåäêè, è ðåàëüíûå ìåòàëëû ñîñòîÿò èç áîëüøîãî êîëè÷åñòâà
ç¼ðåí, ïîÿâèâøèõñÿ èç ðàçëè÷íûõ öåíòðîâ êðèñòàëëèçàöèè. Äëÿ ìîäåëè-
ðîâàíèÿ ïîäîáíîãî îáðàçöà ìû èñïîëüçîâàëè ðàçáèåíèå Âîðîíîãî-Äèðèõëå
ïëîñêîñòè, à òàêæå ïîñëåäóþùåå çàïîëíåíèå ïðîñòðàíñòâà ÃÖÊ-ÿ÷åéêàìè.
ÃÖÊ (ãðàíåöåíòðèðîâàííàÿ êóáè÷åñêàÿ) êðèñòàëëè÷åñêàÿ ñòðóêòóðà ìå-
äè ñ÷èòàåòñÿ ïî óìîë÷àíèþ äëÿ ìîëåêóëÿðíî-äèíàìè÷åñêèõ ðàñ÷åòîâ. [?]
Áîëüøèíñòâî ïîòåíöèàëîâ ìíîãèõ òåë (íàïðèìåð, EAM èëè mEAM) áóäóò
ðàáîòàòü òîëüêî ñ ýòîé êðèñòàëëè÷åñêîé ñòðóêòóðîé, Ìû ðàññ÷èòàëè òåíçîð
æåñòêîñòè Cij äëÿ ýòîãî êðèñòàëëà è èçâëåêëè ïàðàìåòðû óïðóãîñòè.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 21-11-00346).
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Ðîññèÿ); Larisa Stepanova (Samara University, Samara, Russia)
Êóëþòíèêîâà Àëåêñàíäðà Àëåêñàíäðîâíà, ÌÁÎÓ "Ãèìíàçèÿ � 1 (Áàçîâàÿ øêîëà
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Òàáëèöà 1: Êðèñòàëëè÷åñêèå ñòðóêòóðû ìåäè

Ôîðìóëà Ïðîñòðàíñò-
âåííàÿ ãðóï-
ïà

Ýíåðãèÿ
îáðàçîâàíèÿ
(ýÂ)

Îáú¼ì Ïëîòíîñòü Êðèñòàëëè÷åñêàÿ
ñèíãîíèÿ

Cu Fm3̄m 0 11.872 8.888 êóáè÷åñêàÿ
Cu P63/mmc 0.004 47.264 8.93 ãåêñàãîíàëüíàÿ
Cu P63/mmc 0.006 23.617 8.936 ãåêñàãîíàëüíàÿ
Cu Im3̄m 0.035 11.853 8.903 êóáè÷åñêàÿ
Cu I4/mmm 0.035 11.875 8.886 òåòðàãîíàëüíàÿ
Cu Cmcm 0.15 24.777 8.518 îðòîðîìáè÷åñêàÿ
Cu P 3̄m1 0.158 138.316 4.577 òðèãîíàëüíàÿ
Cu P2/m 1.942 603.475 0.175 ìîíîêëèííàÿ

Òåíçîð óïðóãîñòè ÃÖÊ-ìåäè Ñðåäíèå çíà÷åíèÿ
161 119 119 0 0 0
119 163 119 0 0 0
119 119 163 0 0 0
0 0 0 67 0 0
0 0 0 0 67 0
0 0 0 0 0 67


Ìîäóëü âñåñòîðîííåãî ñæàòèÿ 130 GPa

Ìîäóëü Þíãà 117 GPa
Ìîäóëü ñäâèãà 43 GPa

Êîýôôèöèåíò Ïóàññîíà 0.35

Ïîëó÷åííûå çíà÷åíèÿ ñîïîñòàâèìû ñ ïàðàìåòðàìè ìåäè, èñïîëüçóåìû-
ìè â óðàâíåíèÿõ ñïëîøíîé ñðåäû.
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ÐÀÑ×ÅÒ ÈÇÎÒÐÎÏÍÛÕ ÏËÀÑÒÈÍ ÍÀ ÓÏÐÓÃÎÌ
ÎÑÍÎÂÀÍÈÈ ÂÈÍÊËÅÐÀ ÌÅÒÎÄÎÌ

ÊÎÌÏÅÍÑÈÐÓÞÙÈÕ ÍÀÃÐÓÇÎÊ (ÍÅÏÐßÌÛÌ
ÌÅÒÎÄÎÌ ÃÐÀÍÈ×ÍÛÕ ÝËÅÌÅÍÒÎÂ)
Ï.Ã. Âåëèêàíîâ, Í.È. Êóêàíîâ, Ä.Ì. Õàëèòîâà

pvelikanov@mail.ru, diana98200093@gmail.com

ÓÄÊ 531.39

Çàäà÷è ðàñ÷åòà, ñî÷åòàþùèõ â ñåáå ëåãêîñòü, ýêîíîìè÷íîñòü, âûñî-
êóþ ïðî÷íîñòü è íàäåæíîñòü, òîíêîñòåííûõ êîíñòðóêöèé íà óïðó-
ãîì îñíîâàíèè àêòóàëüíû äëÿ ñîâðåìåííîãî ìàøèíîñòðîåíèÿ. Â ñâÿ-
çè ñ ýòèì èñïîëüçîâàíèå èçîòðîïíûõ ìàòåðèàëîâ íà óïðóãîì îñíîâà-
íèè ïðåäñòàâëÿåòñÿ îïðàâäàííûì. Çàäà÷è òåîðèè ïëàñòèí è îáîëî÷åê
îòíîñÿòñÿ ê êëàññó êðàåâûõ çàäà÷, àíàëèòè÷åñêîå ðåøåíèå êîòîðûõ
â ñèëó ðàçëè÷íûõ îáñòîÿòåëüñòâ (íåëèíåéíîñòü äèôôåðåíöèàëüíûõ
óðàâíåíèé è äð.) îïðåäåëèòü íåâîçìîæíî. Ðåøèòü ýòó ïðîáëåìó ïî-
ìîãàþò ÷èñëåííûå ìåòîäû. Ñðåäè ÷èñëåííûõ ìåòîäîâ íåçàñëóæåííî
ìàëî âíèìàíèÿ óäåëåíî ìåòîäó ãðàíè÷íûõ ýëåìåíòîâ (ÌÃÝ). Â ñâÿçè ñ
ýòèì äàëüíåéøåå ðàçâèòèå íåïðÿìîãî ÌÃÝ (ìåòîäà êîìïåíñèðóþùèõ
íàãðóçîê) äëÿ ðåøåíèÿ çàäà÷ òåîðèè èçîòðîïíûõ ïëàñòèí íà óïðóãîì
îñíîâàíèè Âèíêëåðà, îñíîâàííûõ íà ïðèìåíåíèè òî÷íûõ ôóíäàìåí-
òàëüíûõ ðåøåíèé, ÿâëÿåòñÿ àêòóàëüíûì.

Êëþ÷åâûå ñëîâà: ìåõàíèêà, ìàòåìàòèêà, äèôôåðåíöèàëüíûå óðàâíå-
íèÿ, ïëàñòèíêè íà óïðóãîì îñíîâàíèè Âèíêëåðà, ôóíäàìåíòàëüíûå
ðåøåíèÿ, ìåòîä êîìïåíñèðóþùèõ íàãðóçîê (íåïðÿìîé ìåòîä ãðàíè÷-
íûõ ýëåìåíòîâ)

An isotropic plates on an elastic Winkler base calculation by
the compensating loads method (indirect boundary elements

method)

The calculation tasks combining lightness, economy, high strength and
reliability of thin-walled structures on an elastic base are relevant for
modern mechanical engineering.

In this regard, the use of isotropic materials on an elastic base seems jus-
tified. The problems of the theory of plates and shells belong to the class
of boundary value problems, the analytical solution of which, due to vari-
ous circumstances (the nonlinearity of differential equations, etc.), cannot
be determined. Numerical methods help to solve this problem. Among
numerical methods, undeservedly little attention is paid to the boundary
element method (BEM). In this regard, the further development of indi-
rect MGE (the compensating loads method) for solving problems of the
theory of isotropic plates on an elastic Winkler based on the application
of exact fundamental solutions is relevant.

Keywords: mechanics, mathematics, differential equations, plates on an
elastic Winkler base, fundamental solutions, compensating loads method
(indirect boundary elements method)
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Ðàññìàòðèâàþòñÿ ìàëûå äåôîðìàöèè òîíêîé ëèíåéíî-óïðóãîé ïëàñòèí-
êè, äåôîðìèðîâàíèå êîòîðîé îïèñûâàåòñÿ ìîäåëüþ, îñíîâàííîé íà ãèïîòå-
çàõ Êèðõãîôà-Ëÿâà â ðàìêàõ òåîðèè ìàëîãî èçãèáà [1]. Ïðè ðàññìîòðåíèè
ïëàñòèí ïîñòîÿííîé òîëùèíû ïîëó÷èì äèôôåðåíöèàëüíîå óðàâíåíèå ðàâ-
íîâåñèÿ èçîòðîïíîé ïëàñòèíêè íà óïðóãîì îñíîâàíèè Âèíêëåðà, â êîòîðîé
áûë âûäåëåí ñëåâà ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð çàäà÷è èçãè-
áà èçîòðîïíîé ïëàñòèíû íà óïðóãîì îñíîâàíèè Âèíêëåðà. Äëÿ ðåøåíèÿ
ïîñòàâëåííîé çàäà÷è ÌÃÝ íåîáõîäèìî ïðåäâàðèòåëüíî îïðåäåëèòü ôóíäà-
ìåíòàëüíîå ðåøåíèå çàäà÷è èçãèáà èçîòðîïíîé ïëàñòèíû íà óïðóãîì îñ-
íîâàíèè Âèíêëåðà. Äëÿ îïðåäåëåíèÿ ôóíäàìåíòàëüíîãî ðåøåíèÿ çàäà÷è
èçãèáà èçîòðîïíîé ïëàñòèíû íà óïðóãîì îñíîâàíèè Âèíêëåðà áûëà èñïîëü-
çîâàíà ìåòîäèêà, ïðåäëîæåííàÿ â [1-3] è íîâûå ìåòîäèêè. Äëÿ ðåøåíèÿ çà-
äà÷è èçãèáà èçîòðîïíûõ ïëàñòèí íà óïðóãîì îñíîâàíèè ñ ïîìî÷üþ ìåòîäà
êîìïåíñèðóþùèõ íàãðóçîê (íåïðÿìîãî ìåòîäà ãðàíè÷íûõ ýëåìåíòîâ) áû-
ëà èñïîëüçîâàíà óíèâåðñàëüíàÿ ìåòîäèêà, îïèñàííàÿ â [4] äëÿ èçîòðîïíûõ
è îðòîòðîïíûõ ïëàñòèí. Äëÿ îòðàáîòêè ìåòîäèêè áûëè ðåøåíû íåñêîëüêî
çàäà÷ èçãèáà èçîòðîïíûõ ïëàñòèí íà óïðóãîì ñîíîâàíèè Âèíêëåðà.
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Ñîâðåìåííîå ìàøèíîñòðîåíèå ñòàâèò çàäà÷è ðàñ÷åòà òîíêîñòåííûõ
êîíñòðóêöèé, ñî÷åòàþùèõ â ñåáå ëåãêîñòü è ýêîíîìè÷íîñòü ñ îäíîé
ñòîðîíû è âûñîêóþ ïðî÷íîñòü è íàäåæíîñòü ñ äðóãîé. Â ñâÿçè ñ ýòèì
èñïîëüçîâàíèå àíèçîòðîïíûõ ìàòåðèàëîâ è ïëàñòèêîâ ïðåäñòàâëÿåòñÿ
îïðàâäàííûì. Çàäà÷è òåîðèè ïëàñòèí è îáîëî÷åê îòíîñÿòñÿ ê êëàññó
êðàåâûõ çàäà÷, àíàëèòè÷åñêîå ðåøåíèå êîòîðûõ â ñèëó ðàçëè÷íûõ
îáñòîÿòåëüñòâ (íåëèíåéíîñòü äèôôåðåíöèàëüíûõ óðàâíåíèé è äð.)
îïðåäåëèòü íåâîçìîæíî. Ðåøèòü ýòó ïðîáëåìó ïîìîãàþò ÷èñëåííûå
ìåòîäû. Ñðåäè ÷èñëåííûõ ìåòîäîâ íåçàñëóæåííî ìàëî âíèìàíèÿ óäå-
ëåíî ìåòîäó ãðàíè÷íûõ ýëåìåíòîâ (ÌÃÝ). Â ñâÿçè ñ ýòèì äàëüíåéøåå
ðàçâèòèå íåïðÿìîãî ÌÃÝ (ìåòîäà êîìïåíñèðóþùèõ íàãðóçîê) äëÿ ðå-
øåíèÿ çàäà÷ òåîðèè àíèçîòðîïíûõ ïëàñòèí, îñíîâàííûõ íà ïðèìåíå-
íèè òî÷íûõ ôóíäàìåíòàëüíûõ ðåøåíèé, ÿâëÿåòñÿ àêòóàëüíûì.

Êëþ÷åâûå ñëîâà: ìåõàíèêà, ìàòåìàòèêà, äèôôåðåíöèàëüíûå óðàâíå-
íèÿ, àíèçîòðîïíûå ïëàñòèíêè, ôóíäàìåíòàëüíûå ðåøåíèÿ, ìåòîä êîì-
ïåíñèðóþùèõ íàãðóçîê (íåïðÿìîé ìåòîä ãðàíè÷íûõ ýëåìåíòîâ)

An anisotropic plates calculation by the compensating loads
method (indirect boundary elements method)

Modern mechanical engineering sets the tasks of calculating thin-walled
structures that combine lightness and economy on the one hand and high
strength and reliability on the other. In this regard, the use of anisotropic
materials and plastics seems justified. The problems of the theory of
plates and shells belong to the class of boundary value problems, the an-
alytical solution of which, due to various circumstances (the nonlinearity
of differential equations, etc.), cannot be determined. Numerical meth-
ods help to solve this problem. Among numerical methods, undeservedly
little attention is paid to the boundary element method (BEM). In this
regard, the further development of indirect MGE (the compensating loads
method) for solving problems of the theory of anisotropic plates based on
the application of exact fundamental solutions is relevant.

Keywords: mechanics, mathematics, differential equations, anisotropic
plates, fundamental solutions, compensating loads method (indirect
boundary elements method)

Ðàññìàòðèâàþòñÿ ìàëûå äåôîðìàöèè òîíêîé ëèíåéíî-óïðóãîé ïëàñòèí-
êè, äåôîðìèðîâàíèå êîòîðîé îïèñûâàåòñÿ ìîäåëüþ, îñíîâàííîé íà ãèïî-
òåçàõ Êèðõãîôà-Ëÿâà â ðàìêàõ òåîðèè ìàëîãî èçãèáà [1]. Ïðè ðàññìîòðå-
íèè ïëàñòèí ïîñòîÿííîé òîëùèíû ïîëó÷èì äèôôåðåíöèàëüíîå óðàâíåíèå
ðàâíîâåñèÿ àíèçîòðîïíîé ïëàñòèíêè, â êîòîðîé áûë âûäåëåí ñëåâà ëèíåé-
íûé äèôôåðåíöèàëüíûé îïåðàòîð çàäà÷è èçãèáà àíèçîòðîïíîé ïëàñòèíû.
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Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ÌÃÝ íåîáõîäèìî ïðåäâàðèòåëüíî îïðå-
äåëèòü ôóíäàìåíòàëüíîå ðåøåíèå çàäà÷è èçãèáà àíèçîòðîïíîé ïëàñòèíû.
Äëÿ îïðåäåëåíèÿ ôóíäàìåíòàëüíîãî ðåøåíèÿ çàäà÷è èçãèáà àíèçîòðîïíîé
ïëàñòèíû áûëà èñïîëüçîâàíà ìåòîäèêà, ïðåäëîæåííàÿ â [2, 3]. Äëÿ ðåøå-
íèÿ çàäà÷è èçãèáà àíèçîòðîïíûõ ïëàñòèí ñ ïîìî÷üþ ìåòîäà êîìïåíñèðó-
þùèõ íàãðóçîê (íåïðÿìîãî ìåòîäà ãðàíè÷íûõ ýëåìåíòîâ) áûëà èñïîëüçî-
âàíà óíèâåðñàëüíàÿ ìåòîäèêà, îïèñàííàÿ â [4] äëÿ îðòîòðîïíûõ ïëàñòèí.
Äëÿ îòðàáîòêè ìåòîäèêè áûëè ðåøåíû íåñêîëüêî çàäà÷ èçãèáà àíèçîòðîï-
íûõ ïëàñòèí, à òàêæå îðòîòðîïíûõ ïëàñòèí, äëÿ êîòîðûõ ãåîìåòðè÷åñêèå
è ôèçè÷åñêèå îñè íå ñîâïàäàþò.
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Ãåîìåòðè÷åñêèé ìåòîä äåêîìïîçèöèè, îñíîâàííûé íà ïðèìåíåíèè òåõ-
íèêè áûñòðûõ è ìåäëåííûõ èíâàðèàíòíûõ ìíîãîîáðàçèé, ïðèìåíÿåò-
ñÿ äëÿ ðåøåíèÿ çàäà÷ î êðèòè÷åñêèõ áåãóùèõ âîëíàõ.

Êëþ÷åâûå ñëîâà: ñèíãóëÿðíûå âîçìóùåíèÿ, èíâàðèàíòíûå ìíîãîîáðà-
çèÿ, êðèòè÷åñêèå áåãóùèå âîëíû

Decomposition of problems of critical travelling waves

The geometric decomposition method, based on the application of the
technique of fast and slow invariant manifolds, is used to solve problems
of critical traveling waves.

Keywords: singular perturbations, gluing function, invariant manifolds,
critical travelling waves

Ñðåäè îñíîâíûõ òðóäíîñòåé, âîçíèêàþùèõ ïðè èññëåäîâàíèè äèíàìè-
÷åñêèõ ìîäåëåé ñëîæíûõ îáúåêòîâ è ïðîöåññîâ â ðàìêàõ ìàòåìàòè÷åñêîé
òåîðèè ñèñòåì, ñëåäóåò âûäåëèòü âûñîêóþ ðàçìåðíîñòü è íàëè÷èå íåñêîëü-
êèõ âðåìåííûõ øêàë. Ñèñòåìû ñ íåñêîëüêèìè âðåìåííûìè øêàëàìè åñòå-
ñòâåííî âîçíèêàþò ïðè ðåøåíèè øèðîêîãî êðóãà çàäà÷ äèíàìèêè è óïðàâëå-
íèÿ [1,2]. Òàêèå ñèñòåìû ìîäåëèðóþòñÿ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè
ñ ìàëûìè ìíîæèòåëÿìè ïðè ïðîèçâîäíûõ. ×òîáû óïðîñòèòü ðåøåíèå òà-
êîãî ðîäà çàäà÷, ìû èñïîëüçóåì ìåòîä äåêîìïîçèöèè, ïîçâîëÿþùèé ïðî-
âåñòè ðàñùåïëåíèå ðàññìàòðèâàåìîé ñèñòåìû íà íåñêîëüêî íåçàâèñèìûõ
ïîäñèñòåì. Ïðåîáðàçîâàíèå ðàñùåïëåíèÿ îñíîâàíî íà ïðèìåíåíèè òåõíèêè
áûñòðûõ è ìåäëåííûõ èíâàðèàíòíûõ ìíîãîîáðàçèé. Ïîëó÷åííûå ìàòåìà-
òè÷åñêèå ðåçóëüòàòû ïðèìåíÿþòñÿ äëÿ ðåøåíèÿ çàäà÷ î êðèòè÷åñêèõ áå-
ãóùèõ âîëíàõ [3]. Ýôôåêòèâíîñòü ïðåäëàãàåìîãî ïîäõîäà äåìîíñòðèðóåòñÿ
ðåøåíèåì êîíêðåòíûõ çàäà÷ íàõîæäåíèÿ êðèòè÷åñêèõ áåãóùèõ âîëí äëÿ
ôèçèêî-òåõíè÷åñêèõ è õèìèêî-òåõíîëîãè÷åñêèõ ñèñòåì è ïðîöåññîâ. Ðàçðà-
áîòàíû àëãîðèòìû è ïðîãðàììû ÷èñëåííîãî àíàëèçà ðåäóêöèè ñèíãóëÿðíî
âîçìóùåííûõ ñèñòåì è îöåíêè ñêîðîñòè ðàñïðîñòðàíåíèÿ êðèòè÷åñêèõ áå-
ãóùèõ âîëí äëÿ òàêèõ çàäà÷.
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Ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ñèíãóëÿðíî
âîçìóùåííîé íåëèíåéíîé äèíàìè÷åñêîé ñèñòåìû. Ïðîèçâîäèòñÿ äå-
êîìïîçèöèÿ êðàåâîé çàäà÷è ïðèíöèïà ìàêñèìóìà íà òðè çàäà÷è ìåíü-
øåé ðàçìåðíîñòè.

Êëþ÷åâûå ñëîâà: òåîðèÿ óïðàâëåíèÿ, ñèíãóëÿðíî âîçìóùåííûå ñèñòå-
ìû, èíòåãðàëüíûå ìíîãîîáðàçèÿ

The application of the method of asymptotic decomposition in
the control problem for a nonlinear system whith different

time scales

An optimal control problem for a singularly perturbed nonlinear dynamic
system is considered. The boundary value problem of the maximum prin-
ciple is decomposed to three problems of lower dimension.

Keywords: control theory, singularly perturbed systems, integral mani-
folds

Ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñ êâàäðàòè÷íûì
ôóíêöèîíàëîì êà÷åñòâà äëÿ äèíàìè÷åñêîé ñèñòåìû ñ áûñòðûìè è ìåäëåí-
íûìè ïåðåìåííûìè, ìàòåìàòè÷åñêîé ìîäåëüþ êîòîðîé ÿâëÿåòñÿ ñèíãóëÿðíî
âîçìóùåííàÿ äèôôåðåíöèàëüíàÿ ñèñòåìà ñ ëèíåéíî âõîäÿùèìè áûñòðûìè
ïåðåìåííûìè è óïðàâëÿþùèì âîçäåéñòâèåì.

Îïòèìàëüíîå óïðàâëåíèå â ðàññìàòðèâàåìîé çàäà÷å ñòðîèòñÿ ñ èñïîëü-
çîâàíèåì ðåøåíèé ñèíãóëÿðíî âîçìóùåííîé êðàåâîé çàäà÷è äëÿ ãàìèëüòî-
íîâîé ñèñòåìû. ×èñëåííîå ðåøåíèå òàêèõ ñèñòåì çàòðóäíåíî ââèäó âûñîêîé
ðàçìåðíîñòè è íàëè÷èÿ ðàçíîòåìïîâûõ ïåðåìåííûõ, ÷òî äåëàåò àêòóàëüíîé
çàäà÷ó äåêîìïîçèöèè.

Äëÿ äåêîìïîçèöèè êðàåâîé çàäà÷è èñïîëüçóåòñÿ ãåîìåòðè÷åñêèé ïîäõîä,
áàçèðóþùèéñÿ íà òåîðèè èíòåãðàëüíûõ ìíîãîîáðàçèé [1]. Ðàñùåïëåíèå êðà-
åâîé çàäà÷è ïðîèçâîäèòñÿ â íåñêîëüêî ýòàïîâ.

Íà ïåðâîì ýòàïå ñòðîèòñÿ èíòåãðàëüíîå ìíîãîîáðàçèå ìåäëåííûõ äâè-
æåíèé ãàìèëüòîíîâîé ñèñòåìû. Äàëåå â ðàññìîòðåíèå ââîäèòñÿ ðàñøèðåí-
íàÿ âñïîìîãàòåëüíàÿ ñèñòåìà, äëÿ êîòîðîé ñòðîèòñÿ èíòåãðàëüíîå ìíîãî-
îáðàçèå áûñòðûõ äâèæåíèé. Èñïîëüçîâàíèå äàííûõ èíòåãðàëüíûõ ìíîãî-
îáðàçèé ïîçâîëÿåò ïîñòðîèòü çàìåíó ïåðåìåííûõ, ïðèâîäÿùóþ ðàññìàòðè-
âàåìóþ ñèñòåìó ê ¾áëî÷íî-òðåóãîëüíîìó¿ âèäó ñ íåçàâèñèìîé ìåäëåííîé
ïîäñèñòåìîé è ëèíåéíîé ïî áûñòðûì ïåðåìåííûì áûñòðîé ïîäñèñòåìîé.

Íà ñëåäóþùåì ýòàïå ñòðîèòñÿ çàìåíà ïåðåìåííûõ, ïîçâîëÿþùàÿ ðàçäå-
ëèòü áûñòðóþ ïîäñèñòåìó íà äâå íåçàâèñèìûõ ïîäñèñòåìû.
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Ðàñùåïëÿþùèå ïðåîáðàçîâàíèÿ ñòðîÿòñÿ â âèäå àñèìïòîòè÷åñêèõ ðàç-
ëîæåíèé ïî ñòåïåíÿì ìàëîãî ïàðàìåòðà. Â ðàáîòå ïîëó÷åíû ôîðìóëû äëÿ
êîýôôèöèåíòîâ àñèìïòîòè÷åñêèõ ðàçëîæåíèé.

Ïîñòðîåííûå çàìåíû ïåðåìåííûõ ïîçâîëÿþò ïðîèçâåñòè äåêîìïîçèöèþ
êðàåâûõ óñëîâèé. Â ðåçóëüòàòå çàäà÷à ñâîäèòñÿ ê êðàåâîé çàäà÷å äëÿ ìåä-
ëåííîé ïîäñèñòåìû è äâóì íà÷àëüíûì çàäà÷àì äëÿ áûñòðûõ ïîäñèñòåì.
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ÔÎÐÌÓËÀ ÑÎÊÐÀÙÅÍÍÎÃÎ ÄÈÔÔÅÐÅÍÖÈÐÎÂÀÍÈß
ÄËß ÔÓÍÊÖÈÈ ÃÎÐÍÀ H3

Ð.Ð. Ãàçèçîâ

rainurrrr2000@mail.ru

ÓÄÊ 517.58

Ïðè ðåøåíèè çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè èñïîëüçóþòñÿ ðàçëè÷íûå
ñïåöèàëüíûå ôóíêöèè. Ñïåöèàëüíûå ôóíêöèè ÿâëÿþòñÿ ðåøåíèÿìè
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé èëè èõ ñèñòåì. Â ñâÿ-
çè ñ ýòèì â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ðåçóëüòàò ïðîèçâîäíîé
âòîðîãî ïîðÿäêà îò ñîîòíîåøåíèÿ ôóíêöèè Ãîðíà H3.

Êëþ÷åâûå ñëîâà: ñîêðàùåííîå äèôôåðåíöèðîâàíèå, ãèïåðãåîìåòðè÷å-
ñêàÿ ôóíêöèÿ Ãàóññà, êîíôëþýòíàÿ ôóíêöèÿ Ãîðíà, îñåñèììåòðè÷íûå
çàäà÷è

The reduced differentiation formula for the Horn function H3

When solving problems of mathematical physics, various special functions
are used. Special functions are solutions to ordinary differential equations
or their systems. In this regard, in this paper, we consider the result of
the second-order derivative of the ratio of the Horn function H3.

Keywords: reduced differentiation, Gaussian hypergeometric function,
confluence Horn function, axisymmetric problems

Â òåîðèè îáîáùåííîãî âîëíîâîãî óðàâíåíèÿ è îñåñèììèòðè÷åñêîãî óðàâ-
íåíèÿ Ãåëüìãîëüöà âàæíóþ ðîëü èãðàåò êîíôëþýòíàÿ ôóíêöèÿ Ãîðíà [1]:

H3 (α, β; δ; z, t) =

∞∑
m=0

∞∑
n=0

(α)m−n(β)m
(δ)m

zm

m!

tn

n!
, (1)

ãäå (γ)k - ñèìâîë Ïîõãàììåðà.
Äëÿ ãèïåðãåîìåòðè÷åñêîé ôóíêöèè Ãàóññà èçâåñòíà ôîðìóëà ñîêðàùåí-

íîãî äèôôåðåíöèðîâàíèÿ [2]:

d2

dz2

[
(1− z)

α+1
F (α, β; δ; z)

]
=

=
(−1)2(α)2(δ − β)2

(δ)2
(1− z)

α−1
F (α+ 2, β; δ + 2; z) (2)

Èñïîëüçóÿ ôîðìóëó [3]

∂

∂z
[(1− z)

α
H3 (α, β, δ; z, t)] = (1− z)

α−1

[
t

1− α
H3 (α− 1, β, δ; z; t)+

+
−α(δ − β)

δ
H3 (α+ 1, β, δ + 1; z, t)

]
(3)

äîêàçàíà ôîðìóëà

∂2

∂z2

[
(1− z)

α+1
H3 (α, β, δ; z, t)

]
= (1− z)

α−1

[
2

−t
1− α

H3 (α− 1, β, δ; z, t)+
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+2
t(δ − β)

δ
H3 (α, β, δ + 1; z, t) +

t2

(1− α)2
H3 (α− 2, β, δ; z; t)+

+
(−1)2(α)2(δ − β)2

(δ)2
H3 (α+ 2, β, δ + 2; z, t)

]
(4)

Èç ôîðìóëû (4) ïðè t = 0 ñëåäóåò ôîðìóëà (2).
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Î ÐÀÇÐÅØÈÌÎÑÒÈ ÎÄÍÎÉ ÍÅËÎÊÀËÜÍÎÉ ÇÀÄÀ×È
ÃÓÐÑÀ

À.Â. Ãèë¼â

toshqaaa@gmail.com

ÓÄÊ 517.95

Â äàííîé ðàáîòå ðàññìîòðåíà íåëîêàëüíàÿ çàäà÷à Ãóðñà äëÿ ãèïåðáî-
ëè÷åñêîãî óðàâíåíèÿ ñ äîìèíèðóþùåé ñìåøàííîé ïðîèçâîäíîé. Ïðåä-
ëîæåííûé ìåòîä äîêàçàòåëüñòâà ðàçðåøèìîñòè ïîñòàâëåííîé çàäà÷è
çàêëþ÷àåòñÿ â ñâåäåíèè äàííîé íåëîêàëüíîé çàäà÷è Ãóðñà ê çàäà÷å
Ãóðñà äëÿ íàãðóæåííîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ. Â ïðîöåññå äî-
êàçàòåëüñòâà ïîëó÷åíû óñëîâèÿ, ïðè êîòîðûõ ñóùåñòâóåò åäèíñòâåí-
íîå ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è.

Êëþ÷åâûå ñëîâà: íåêëàññè÷åñêàÿ çàäà÷à, íåëîêàëüíûå óñëîâèÿ, íàãðó-
æåííîå óðàâíåíèå, çàäà÷à Ãóðñà, èíòåãðàëüíûå óñëîâèÿ âòîðîãî ðîäà,
ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ

On the solvability of a nonlocal Goursat problem

In this paper, we consider the nonlocal Goursat problem for a hyperbolic
equation with a dominant mixed derivative. The proposed method for
proving the solvability of the problem posed is to reduce this nonlocal
Goursat problem to the Goursat problem for a loaded hyperbolic equation.
In the course of the proof, we obtained the conditions due to which there
is a unique solution to our problem.

Keywords: non-classical problem, non-local conditions, loaded equation,
Goursat problem, integral conditions of the second kind, existence and
uniqueness of a solution

Â îáëàñòè QT = (0, a)× (0, b) ðàññìîòðèì çàäà÷ó Ãóðñà ñ íåëîêàëüíûìè
èíòåãðàëüíûìè óñëîâèÿìè

uxy +Aux +Buy + Cu = f(x, y), (1)

u(x, 0) +

b∫
0

K2(x, y)u(x, y)dy = φ(x), x ∈ [0, a] (2)

u(0, y) +

a∫
0

K1(x, y)u(x, y)dx = ψ(y), y ∈ [0, b]. (3)

Â ñâÿçè ñ íàëè÷èåì íåëîêàëüíûõ óñëîâèé (2)− (3), ïðèìåíåíèå êëàññè-
÷åñêèõ ìåòîäîâ èññëåäîâàíèÿ ðàçðåøèìîñòè ðàññìàòðèâàåìîé çàäà÷è ñòà-
íîâèòñÿ íåâîçìîæíûì. Ïðè ðàáîòå ñ íåëîêàëüíûìè èíòåãðàëüíûìè óñëî-
âèÿìè íåîáõîäèìî îáðàùàòü âíèìàíèå íà èõ âèä. Ðàçðåøèìîñòü íåëîêàëü-
íîé çàäà÷è Ãóðñà ñ èíòåãðàëüíûìè óñëîâèÿìè ïåðâîãî ðîäà äëÿ îáùåãî
óðàâíåíèÿ ñ äîìèíèðóþùåé ñìåøàííîé ïðîèçâîäíîé âòîðîãî ïîðÿäêà áûëà
èññëåäîâàíà â [1]. Â ïîñòàâëåííîé çàäà÷å, óñëîâèÿ (2)− (3) ÿâëÿþòñÿ íåëî-
êàëüíûìè óñëîâèÿìè âòîðîãî ðîäà. Â ñâÿçè ñ ýòèì, ìû ïðåäëàãàåì äðóãîé
ìåòîä äîêàçàòåëüñòâà ðàçðåøèìîñòè çàäà÷è Ãóðñà (1)− (3).

Ãèë¼â Àíòîí Âëàäèìèðîâè÷, àñïèðàíò, Ñàìàðñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ);
Anton Gilev (Samara University, Samara, Russia)
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Ââåäåì íîâóþ íåèçâåñòíóþ ôóíêöèþ

v(x, y) = u(x, y) +

a∫
0

K1(ξ, y)u(ξ, y)dξ +

b∫
0

K2(x, η)u(x, η)dη, (4)

ïðåäïîëàãàÿ, ÷òî u(x, y) - ðåøåíèå ïîñòàâëåííîé çàäà÷è. Òîãäà, â ñèëó
(2) − (3), à òàêæå ïîäñòàâëÿÿ u(x, y) èç (4) â (1), ïîëó÷èì çàäà÷ó Ãóðñà
äëÿ íàãðóæåííîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ äîìèíèðóþùåé ñìåøàí-
íîé ïðîèçâîäíîé

vxy +Avx +Bvy + Cv = f(x, y) + P (x, y, u), (5)

v(x, 0) = φ(x), v(0, y) = ψ(y), (6)

ãäå

P (x, y, u) = A(x, y)
∂

∂x

b∫
0

K2(x, η)u(x, η)dη+B(x, y)
∂

∂y

a∫
0

K1(ξ, y)u(ξ, y)dξ+

+ C(x, y)(

a∫
0

K1(ξ, y)u(ξ, y)dξ +

b∫
0

K2(x, η)u(x, η)dη).

Ïîëó÷åííàÿ çàäà÷à (5)− (6) ïðåäñòàâëÿåò ñîáîé êëàññè÷åñêóþ çàäà÷ó Ãóð-
ñà, íî óæå äëÿ íàãðóæåííîãî óðàâíåíèÿ. Äàëüíåéøåå äîêàçàòåëüñòâî ðàçðå-
øèìîñòè èñõîäíîé çàäà÷è ñîñòîèò â ïðèìåíåíèè ìåòîäà ïîñëåäîâàòåëüíûõ
ïðèáëèæåíèé.
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ÊÎÍÖÅÍÒÐÀÒÎÐÎÌ ÍÀÏÐßÆÅÍÈÉ
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Èññëåäîâàíî âëèÿíèå îñòàòî÷íîãî íàïðÿæ¼ííî-äåôîðìèðîâàííîãî ñî-
ñòîÿíèÿ íà ãåîìåòðè÷åñêóþ ôîðìó ñêâîçíîãî êîíöåíòðàòîðà íàïðÿæå-
íèé ïëàñòèíû âñëåäñòâèå ïðîöåäóðû îïåðåæàþùåãî ïîâåðõíîñòíîãî
ïëàñòè÷åñêîãî äåôîðìèðîâàíèÿ. Ïðèâåäåíà ìåòîäèêà ðåêîíñòðóêöèè
îñòàòî÷íûõ íàïðÿæåíèé è ïëàñòè÷åñêèõ äåôîðìàöèé. Ïîêàçàíî, ÷òî
îòêëîíåíèÿ ãåîìåòðè÷åñêèõ ïàðàìåòðîâ â êîíöåíòðàòîðå íàïðÿæåíèé
íåçíà÷èòåëüíû.

Êëþ÷åâûå ñëîâà: ãåîìåòðè÷åñêèå ïàðàìåòðû, îñòàòî÷íûå íàïðÿæå-
íèÿ, êîíöåíòðàòîð íàïðÿæåíèé

Mathematical modeling of the influence of advance surface
plastic deforming on the geometric parameters of a plate with

a stress concentrator

The influence of the residual stress-strain state on the geometric shape
of the through stress concentrator of the plate after the procedure of
advanced surface plastic deforming has been examined. The methodology
of reconstruction of residual stresses and plastic deformations is presented.
It is shown that the deviations of the geometric parameters of the stress
concentrator are insignificant.

Keywords: geometric parameters, residual stresses, stress concentrator

Â íàñòîÿùåå âðåìÿ ñðåäè çàäà÷ ýíåðãåòè÷åñêèõ, ìàøèíîñòðîèòåëüíûõ
è àýðîêîñìè÷åñêèõ ïðîèçâîäñòâ îñîáåííî âûäåëÿåòñÿ ïðîáëåìà óëó÷øåíèÿ
õàðàêòåðèñòèê èçíîñà ýëåìåíòîâ êîíñòðóêöèé. Øòàòíîé òåõíîëîãèåé ðåøå-
íèÿ ýòîãî âîïðîñà ÿâëÿåòñÿ ïîâåðõíîñòíîå ïëàñòè÷åñêîå äåôîðìèðîâàíèå,
êîòîðîå âìåñòå ñ óâåëè÷åíèåì ðåñóðñà äåòàëè, ïðîèñõîäÿùåãî áëàãîäàðÿ
ôîðìèðîâàíèþ ñæèìàþùèõ îñòàòî÷íûõ íàïðÿæåíèé â ïîâåðõíîñòíîì ñëîå,
ïðèâîäèò è ê íåæåëàòåëüíûì ïîñëåäñòâèÿì � êîðîáëåíèþ äåòàëåé. Ïîýòî-
ìó öåëü äàííîé ðàáîòû � èçó÷èòü âëèÿíèå îïåðåæàþùåãî óëüòðàçâóêîâîãî
óïðî÷íåíèÿ íà ãåîìåòðèþ ïëàñòèíû ñ êðóãîâûì ñêâîçíûì êîíöåíòðàòîðîì
íàïðÿæåíèé.

Èñïîëüçóåì ìåòîä ðàñ÷¼òà ïî ïåðâîíà÷àëüíûì äåôîðìàöèÿì, â ñîîòâåò-
ñòâèè ñ êîòîðûì ñíà÷àëà íåîáõîäèìî âûïîëíèòü ðåêîíñòðóêöèþ îñòàòî÷-
íûõ íàïðÿæåíèé è ïëàñòè÷åñêèõ äåôîðìàöèé äëÿ ïëèòû áåç êîíöåíòðàòî-
ðà. Ýòà çàäà÷à ðàññìîòðåíà â [1], îòêóäà èìååì ñëåäóþùåå ðåøåíèå:

σx = σy, σz ≡ 0, qx = qy = −1− ν

E
σx, qz = −2qx,

ãäå σi, qi (i = {x, y, z}) � êîìïîíåíòû òåíçîðà íàïðÿæåíèé è ïëàñòè÷åñêèõ
äåôîðìàöèé ñîîòâåòñòâåííî. Àíàëèòè÷åñêîå âûðàæåíèå äëÿ σx îïðåäåëÿ-

Ãëåáîâ Âèêòîð Åâãåíüåâè÷, ñòóäåíò, Ñàìàðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíè-
âåðñèòåò (Ñàìàðà, Ðîññèÿ); Victor Glebov (Samara State Technical University, Samara,
Russia)
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ëîñü ïî ýêñïåðèìåíòàëüíûì äàííûì ñ èñïîëüçîâàíèåì ìåòîäèêè, ïðèâåä¼í-
íîé â [2]. Ïîãðåøíîñòü àïïðîêñèìàöèè ïî îòíîøåíèþ ê ýêñïåðèìåíòàëüíûì
äàííûì íå ïðåâûñèëà 6%.

Äàëåå â ñîîòâåòñòâèè ñ ìîäèôèêàöèåé ìåòîäà ðàñ÷¼òà ïî ïåðâîíà÷àëü-
íûì äåôîðìàöèÿì ïëàñòè÷åñêèå äåôîðìàöèè ìîäåëèðóþòñÿ óïðóãèìè â
íåîäíîðîäíîì òåìïåðàòóðíîì ïîëå ñ èñïîëüçîâàíèåì ñîîòíîøåíèé

qi(z) = βi(T (z))[T (z)− T0],

ãäå βi � êîýôôèöèåíòû òåìïåðàòóðíîãî ðàñøèðåíèÿ, T0 � òåìïåðàòóðà
ïëàñòèíû íà ãðàíè, ïðîòèâîïîëîæíîé óïðî÷íåííîé.

Íà ñëåäóþùåì ýòàïå ñòðîèòñÿ êîíå÷íî-ýëåìåíòíàÿ ãåîìåòðè÷åñêàÿ ìî-
äåëü, è â âû÷èñëèòåëüíîì êîìïëåêñå ANSYS ðåøàåòñÿ êðàåâàÿ çàäà÷à ôèê-
òèâíîé òåðìîóïðóãîñòè äëÿ ïëàñòèí âûñîòîé H = {10, 6, 4, 2} ìì. Ñðåäíå-
êâàäðàòè÷åñêîå îòêëîíåíèå ðàñ÷¼òà äëÿ êîìïîíåíòû σx îò ýêñïåðèìåíòà íå
ïðåâûñèëî 6%, ÷òî èëëþñòðèðóåò àäåêâàòíîñòü ðàñ÷¼òíîé ñõåìû.

Íà ïîñëåäíåì ýòàïå íà ïëàñòèíó íàíîñèòñÿ êîíöåíòðàòîð, ìàòåðèàë óäà-
ëÿåòñÿ, à â îñòàëüíîé ÷àñòè ïëàñòèíû òåìïåðàòóðíûå äåôîðìàöèè ïîëà-
ãàþòñÿ òàêèìè æå, êàê è â ãëàäêîé ïëàñòèíå. Ñíîâà ñòðîèòñÿ êîíå÷íî-
ýëåìåíòíàÿ ìîäåëü è ðåøàåòñÿ çàäà÷à òåðìîóïðóãîñòè óæå äëÿ ïëàñòèíû ñ
êîíöåíòðàòîðîì íàïðÿæåíèé.

Äåôîðìàöèîííûå ïðîöåññû, âûçâàííûå ïåðåðàñïðåäåëåíèåì íàïðÿæå-
íèé, ïðèâîäÿò ê èçìåíåíèþ ãåîìåòðèè êîíöåíòðàòîðà íàïðÿæåíèé. Íà ðè-
ñóíêå ïðèâåäåíû ãðàôèêè ïðîôèëÿ f îáðàçóþùåé ïî ðàäèóñó êîíöåíòðàòî-
ðà, èç àíàëèçà êîòîðûõ ñëåäóåò, ÷òî îòêëîíåíèÿ ãåîìåòðè÷åñêèõ ïàðàìåòðîâ
êîíöåíòðàòîðà íåçíà÷èòåëüíûå.

Ïðîôèëü îáðàçóþùåé ïî âíóòðåííåìó ðàäèóñó êîíöåíòðàòîðà

Òàêèì îáðàçîì, ïðèâåä¼ííàÿ ìåòîäîëîãèÿ ïîìèìî âûïîëíåíèÿ ðåêîí-
ñòðóêöèè íàïðÿæ¼ííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ïîçâîëÿåò èçó÷èòü äå-
ôîðìàöèîííûå õàðàêòåðèñòèêè ïëàñòèíû ïîñëå óïðî÷íåíèÿ.
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Êðàòêàÿ àííîòàöèÿ. Â ðàáîòå ðàññìîòðåíû íåêîòîðûå ìåòîäû ìîäåëè-
ðîâàíèÿ âëèÿíèÿ ñèñòåìû ïîäãîòîâêè ñïåöèàëèñòîâ íà ôóíêöèîíèðî-
âàíèå ïðîìûøëåííîñòè. Ïðîàíàëèçèðîâàíî ïîñòðîåíèå ìàòåìàòè÷å-
ñêèõ ìîäåëåé äëÿ ïðîèçâîäñòâà â ôîðìå ïðîèçâîäñòâåííûõ ôóíêöèé.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, ìîäåëè, âûñøàÿ
øêîëà, ïðîèçâîäñòâî, ìåòîäû, ðåãðåññèîííûå ìîäåëè, ïðîèçâîäñòâåí-
íûå ôóíêöèè.

Analysis of methods for constructing mathematical models of
higher education and production

Short abstract. The paper considers some methods of modeling the impact
of the training system on the functioning of industry. The construction of
mathematical models for production in the form of production functions
is analyzed.

Keywords: mathematical modeling, models, higher school, production,
methods, regression models, production functions.

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ÿâëÿåòñÿ ýôôåêòèâíûì ñðåäñòâîì èñ-
ñëåäîâàíèÿ ðàçëè÷íûõ ïðîöåññîâ. Ïðîâîäèòüñÿ àíàëèç íåêîòîðûõ ìåòîäîâ
ïîñòðîåíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé ñâÿçè âûñøåé øêîëû è ïðîèçâîäñòâà,
êîòîðûå ìîãóò áûòü ïðåäñòàâëåíû â ðàçëè÷íîé ôîðìå: àëãåáðàè÷åñêîé, ñëî-
âåñíîé èëè ãðàôè÷åñêîé.

Â çàâèñèìîñòè îò ïðîòåêàíèÿ èññëåäóåìîãî ïðîöåññà, ìîäåëè ìîæíî ñ÷è-
òàòü ëèíåéíûìè, â êîòîðîé ïàðàìåòðû îñòàþòñÿ ïîñòîÿííûìè, íà íèõ íå
âëèÿþò óñëîâèÿ ïðîòåêàíèÿ ïðîöåññîâ è íåëèíåéíûå, êîòîðûå ó÷èòûâàþò
èçìåíåíèå õàðàêòåðèñòèê âî âðåìåíè [7].

Åñëè ìàòåìàòè÷åñêîãî îïèñàíèÿ îáúåêòà íå ñóùåñòâóåò, òî ñ èñïîëüçîâà-
íèåì ýêñïåðèìåíòàëüíûõ äàííûõ íåîáõîäèìî ðåøàòü çàäà÷ó èäåíòèôèêà-
öèè. Åñëè ìàòåìàòè÷åñêèå ìîäåëè ñèñòåìû îòðàæàþò âðåìåííîå ïîâåäåíèå
îáúåêòà, èõ ïðèíÿòî íàçûâàòü äèíàìè÷åñêèìè. Åñëè âíóòðåííèå õàðàêòåðè-
ñòèêè è ñòðóêòóðà îáúåêòà íåèçâåñòíà, òî ÷àñòî äëÿ èäåíòèôèêàöèè ïðèìå-
íÿåòñÿ ìåòîä ¾÷åðíîãî ÿùèêà¿, ïðè êîòîðîì èñïîëüçóåòñÿ ëèøü êîððåëÿöèÿ
âõîäíûõ è âûõîäíûõ õàðàêòåðèñòèê [4].

Â ñëó÷àå ìàëîé èíôîðìàöèè î ñòðóêòóðå îáúåêòà äëÿ èññëåäîâàíèÿ âè-
äîâ è ôîðì çàâèñèìîñòåé, èñïîëüçóåòñÿ êîððåëÿöèîííî-ðåãðåññèîííûé àíà-
ëèç, êîòîðûé ýôôåêòèâåí ïðè ðåøåíèè çàäà÷ ñîöèàëüíîãî ïðîãíîçèðîâà-
íèÿ. Ñòàâèòñÿ çàäà÷à, óñòàíîâèòü ñâÿçü è àíàëèòè÷åñêè ïîäîáðàòü óðàâíå-
íèå, îïèñûâàþùåå êîððåëÿöèîííóþ çàâèñèìîñòü ìåæäó âõîäíûìè ïàðàìåò-
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ðàìè âóçà è âûõîäíûìè ïåðåìåííûìè, â êà÷åñòâå êîòîðûõ áåðóòñÿ ðåçóëü-
òàòû ôóíêöèîíèðîâàíèÿ ïðîìûøëåííîñòè. Âçàèìîñâÿçü ìåæäó âõîäíîé è
âûõîäíîé ïåðåìåííîé íàõîäèòüñÿ ñ ïîìîùüþ ïîñòðîåíèÿ ìíîæåñòâåííîé
ëèíåéíîé ðåãðåññèîííîé ìîäåëè [8].

Â îáùåì ñëó÷àå ýòè ïàðàìåòðû ìîãóò áûòü îïðåäåëåíû ðàçëè÷íûìè
ñïîñîáàìè, íàïðèìåð, ìåòîä ìèíèìóìà õè-êâàäðàò (ìåòîä Ïèðñîíà) èëè ìå-
òîä ìàêñèìóìà ïðàâäîïîäîáèÿ, õîðîøèé ðåçóëüòàò äàåò ìåòîä íàèìåíüøèõ
êâàäðàòîâ (ÌÍÊ), êîòîðûé øèðîêî èñïîëüçóåòñÿ â ðåãðåññèîííîì àíàëèçå.
Äîñòîèíñòâîì ïîñòðîåíèÿ ðåãðåññèîííûõ ìîäåëåé ÿâëÿåòñÿ ïðîñòîòà âû-
÷èñëåíèé è íàãëÿäíîñòü ðåçóëüòàòîâ ïðè ãðàôè÷åñêîì ïîñòðîåíèè. Ê ìè-
íóñàì îòíîñèòüñÿ íåâûñîêàÿ òî÷íîñòü ïðîãíîçîâ ïðè èíòåðïîëÿöèè äàííûõ,
ñóáúåêòèâíûé õàðàêòåð âûáîðà âèäà êîíêðåòíîé çàâèñèìîñòè, ôîðìàëüíûé
âûáîð èñõîäíûõ äàííûõ ìîäåëè è íåâîçìîæíîñòü îáúÿñíåíèÿ ïðè÷èííî-
ñëåäñòâåííûõ ñâÿçåé [1].

Øèðîêîå ðàñïðîñòðàíåíèå â êà÷åñòâå ìîäåëåé òàêæå ïîëó÷èëè ïðîèç-
âîäñòâåííûå ôóíêöèè (ÏÔ), îïèñûâàþùèõ âçàèìîñâÿçü ìåæäó çàòðàòàìè
ðàçëè÷íûõ ðåñóðñîâ è ðåçóëüòàòîì. ÏÔ ðàáîòîñïîñîáíû äëÿ àíàëèçà èñ-
ïîëüçîâàíèÿ òðóäîâûõ è êàïèòàëüíûõ ðåñóðñîâ êðóïíî è ñðåäíåìàñøòàá-
íûõ ïðîèçâîäñòâåííûõ îáúåêòîâ, êîòîðûå õàðàêòåðèçóåòñÿ óñòîé÷èâûì è
ñòàáèëüíûì ôóíêöèîíèðîâàíèåì [2, 5]. Ïðîèçâîäñòâåííûå ôóíêöèè ìîæíî
ðàçäåëèòü íà òðè îñíîâíûå ãðóïïû: îäíîôàêòîðíûå (ëèíåéíàÿ ÏÔ, ïàðà-
áîëè÷åñêàÿ ÏÔ, ñòåïåííàÿ ÏÔ, ïîêàçàòåëüíàÿ ÏÔ è ãèïåðáîëè÷åñêàÿ ÏÔ),
äâóõôàêòîðíûå (ôóíêöèÿ Ëåîíòüåâà, Àëëåíà, Êîááà-Äóãëàñà, Ñîëîó, ëè-
íåéíàÿ, ôóíêöèÿ ñ ïîñòîÿííîé ýëàñòè÷íîñòüþ çàìåùåíèÿ (CES)) è ìíîãî-
ôàêòîðíûå [3, 5, 6].

Â ðàáîòå áûëè ðàññìîòðåíû íåñêîëüêî âàðèàíòîâ ïîñòðîåíèÿ ìàòåìà-
òè÷åñêèõ ìîäåëåé. Íàïðèìåð, ìàòåìàòè÷åñêàÿ ìîäåëü â ôîðìå ÏÔ Êîááà-
Äóãëàñà ìîæåò áûòü ïîñòðîåíà äëÿ ñâÿçè ïîêàçàòåëåé ïîäãîòîâêè ñïåöè-
àëèñòîâ â óíèâåðñèòåòå è ýôôåêòèâíîñòè íåôòÿíîãî ïðîèçâîäñòâà. Òàêàÿ
ìàòåìàòè÷åñêàÿ ìîäåëü ïðåäñòàâëÿåòñÿ àêòóàëüíîé, êàê äëÿ ðàçâèòèÿ âóçà,
òàê è äëÿ ðåçóëüòàòèâíîñòè îòðàñëè â öåëîì.
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Ñ ïîìîùüþ ñîîòíîøåíèé ðåîëîãè÷åñêîé ìîäåëè âÿçêîóïðóãîé ñðåäû
ñ ÿäðîì ïîëçó÷åñòè ýêñïîíåíöèàëüíîãî âèäà è ñ âîçìîæíîñòüþ ó÷¼-
òà ýôôåêòîâ ðàçóïðî÷íåíèÿ ìàòåðèàëà îïèñàíà ïîëçó÷åñòü íåêîòî-
ðûõ êîìïîçèòîâ. Ðåøåíèÿ óðàâíåíèé ìîäåëè èññëåäîâàíû íà óñòîé-
÷èâîñòü ïî Ëÿïóíîâó ïðè ïîñòîÿííûõ íàïðÿæåíèÿõ è óñòàíîâëåíà îá-
ëàñòü óñòîé÷èâîñòè, ñîîòâåòñòâóþùàÿ àñèìïòîòè÷åñêè îãðàíè÷åííîé
ïîëçó÷åñòè ìàòåðèàëà. Âûÿâëåíà ñâÿçü ìåæäó óñòîé÷èâîñòüþ ðåøå-
íèé ïî Ëÿïóíîâó è óñòîé÷èâîñòüþ âû÷èñëèòåëüíîãî àëãîðèòìà ïðè
÷èñëåííîì èíòåãðèðîâàíèè ñèñòåìû óðàâíåíèé ìîäåëè. Íàáëþäàåòñÿ
ñîîòâåòñòâèå ðàñ÷¼òíûõ è ýêñïåðèìåíòàëüíûõ äàííûõ ïî ïîëçó÷åñòè
è äàííûõ ïî ïðåäåëó äëèòåëüíîãî ñîïðîòèâëåíèÿ.

Êëþ÷åâûå ñëîâà: âÿçêîóïðóãèé ìàòåðèàë, ôåíîìåíîëîãè÷åñêàÿ ìî-
äåëü, óñòîé÷èâîñòü ïî Ëÿïóíîâó, ýêñïåðèìåíòàëüíàÿ ïðîâåðêà

Modelling softening material’s viscoelastic deformation process

The variant of mathematical model of monoaxial straining for viscoelastic
material with exponential creep kernel is proposed. Stability by Lyapunov
solution of the model in case of permanent stress is investigated. Corre-
sponding to asymptotically restricted creep of material stability region
of solutions of mathematical model’s differential equations is established.
Instability region of solutions is in accord with appearance of tertiary
creep. Relation between stability by Lyapunov solutions and stability
of numerical iterative calculation system of equation is established. Com-
parison of calculated and experimental creep data and long–term strength
limit data is executed. Correlation between calculated and experimental
data is observed.

Keywords: viscoelastic material, phenomenological model, Lyapunov sta-
bility, experimental proof

Â êíèãå [1] ýêñïåðèìåíòàëüíî îïèñàíî ðåîëîãè÷åñêîå äåôîðìèðîâàíèå
íåêîòîðûõ êîìïîçèöèîííûõ ìàòåðèàëîâ ïðè îäíîîñíîì ðàñòÿæåíèè îáðàç-
öà ñ ïðèñóùåé èì îñîáåííîñòüþ: ïðè ïîñòîÿííîé íàãðóçêå â çàâèñèìîñòè
îò å¼ âåëè÷èíû ïðîöåññ èõ ïîëçó÷åñòè ìîæåò áûòü ëèáî àñèìïòîòè÷åñêè
çàòóõàþùèì âî âðåìåíè è äëÿùèìñÿ ñêîëü óãîäíî äîëãî, ëèáî íåîãðàíè-
÷åííûì è ïðèâîäÿùèì îáðàçåö ê ðàçðóøåíèþ. Ïåðâûé âàðèàíò ðåàëèçó-
åòñÿ ïðè íàãðóçêàõ, ñîîòâåòñòâóþùèõ íàïðÿæåíèÿì σ, ìåíüøèì ïðåäåëà
äëèòåëüíîãî ñîïðîòèâëåíèÿ σïäñ, âòîðîé � åñëè íàïðÿæåíèÿ áîëüøå σïäñ.
Âåëè÷èíà σïäñ äëÿ êàæäîãî ìàòåðèàëà ïðè êîíêðåòíûõ âíåøíèõ óñëîâèÿõ
îïðåäåëÿåòñÿ ýêñïåðèìåíòàëüíî.

Õàðàêòåð òàêîãî âÿçêîóïðóãîãî äåôîðìèðîâàíèÿ ìàòåðèàëà ìîæíî îïè-
ñàòü ìàòåìàòè÷åñêè ñ ïîìîùüþ äâóõ àïïðîêñèìèðóþùèõ çàâèñèìîñòåé äëÿ
ñëó÷àåâ σ < σïäñ è σ ⩾ σïäñ, ñîîòâåòñòâåííî; ïðè ýòîì çíà÷åíèå σïäñ äîëæíî

Ãîðáóíîâ Ñåðãåé Âëàäèìèðîâè÷, ñòàðøèé ïðåïîäàâàòåëü, Ñàìàðñêèé ãîñóäàðñòâåí-
íûé òåõíè÷åñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ); Sergey Gorbunov (Samara State Technical
University, Samara, Russia)
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áûòü èçâåñòíûì. Â íàñòîÿùåé æå ðàáîòå äëÿ ýòîé öåëè èñïîëüçîâàíû ñëåäó-
þùèå ñîîòíîøåíèÿ ýíåðãåòè÷åñêîãî âàðèàíòà ôåíîìåíîëîãè÷åñêîé òåîðèè
èçîòåðìè÷åñêîé ïîëçó÷åñòè è äëèòåëüíîé ïðî÷íîñòè äëÿ îäíîîñíîãî íàïðÿ-
æ¼ííîãî ñîñòîÿíèÿ [2]:

p(t) =
s∑

k=1

pk(t);

ṗk(t) = λk

(
ak

(
σ(t)
σ∗

)n2

− pk(t)
)
, k = 1, s;

σ(t) = σ0(t) (1 + ω(t)) ;

ω̇(t) = ασ(t)ṗ(t);

(1)

ãäå t � âðåìÿ, p(t) � äåôîðìàöèÿ ïîëçó÷åñòè (âÿçêîóïðóãîñòè); pk(t) �
ñîñòàâëÿþùèå äåôîðìàöèè ïîëçó÷åñòè (ýêñïîíåíöèàëüíûå ñëàãàåìûå);
σ0(t) � íîìèíàëüíîå íàïðÿæåíèå (îòíîøåíèå ñèëû ê ïëîùàäè ïîïåðå÷íîãî
ñå÷åíèÿ íåäåôîðìèðîâàííîãî îáðàçöà), σ(t) � èñòèííîå íàïðÿæåíèå (îò-
íîøåíèå ñèëû ê òåêóùåé ýôôåêòèâíîé ïëîùàäè ïîïåðå÷íîãî ñå÷åíèÿ îá-
ðàçöà); ω(t) � ñêàëÿðíûé ïàðàìåòð ïîâðåæä¼ííîñòè; λk, ak, σ

∗, n2, α, s �
êîíñòàíòû ìîäåëè. Äëÿ èõ îïðåäåëåíèÿ íåîáõîäèìî ðàñïîëàãàòü ìèíèìóì
òðåìÿ ýêñïåðèìåíòàëüíûìè êðèâûìè îäíîîñíîé ïîëçó÷åñòè, äâå èç êîòîðûõ
îòâå÷àþò ñëó÷àþ σ0 < σïäñ, òðåòüÿ æå ïîñòðîåíà ïðè σ0 > σïäñ.

Ïî îïûòíûì äàííûì ðàáîòû [1], äëÿ èçó÷åííûõ â íåé êîìïîçèòîâ, áû-
ëè íàéäåíû êîíñòàíòû ðàññìàòðèâàåìîé ìîäåëè (1). Å¼ äèôôåðåíöèàëüíûå
óðàâíåíèÿ áûëè ðåøåíû ÷èñëåííî ìåòîäîì Ýéëåðà. Ïîëó÷åííûå â ðåçóëüòà-
òå ðàñ÷¼òíûå êðèâûå ïîëçó÷åñòè (â ÷èñëå êîòîðûõ è òå, ÷òî íå èñïîëüçîâà-
ëèñü ïðè îïðåäåëåíèè ïàðàìåòðîâ ìîäåëè) â áîëüøèíñòâå ñëó÷àåâ ïîêàçàëè
óäîâëåòâîðèòåëüíîå ñîãëàñîâàíèå ñ ýêñïåðèìåíòàëüíûìè äàííûìè.

Óñòàíîâëåíî, ÷òî ïðè íàïðÿæåíèÿõ, áëèçêèõ ê σïäñ, ïðîèñõîäèò ïîòåðÿ
óñòîé÷èâîñòè èòåðàöèîííîé âû÷èñëèòåëüíîé ïðîöåäóðû. Ýòî äàëî îñíîâà-
íèÿ äëÿ èññëåäîâàíèÿ ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé ìîäåëè (1)
íà óñòîé÷èâîñòü ïî Ëÿïóíîâó. Â ðåçóëüòàòå áûëî âûâåäåíî ñëåäóþùåå óñëî-
âèå: ðåøåíèå p(t) ñèñòåìû (1) àñèìïòîòè÷åñêè óñòîé÷èâî ïðè çíà÷åíèÿõ íî-
ìèíàëüíîãî íàïðÿæåíèÿ σ0, êîòîðûå óäîâëåòâîðÿþò íåðàâåíñòâó

αn2σ0p0 < 1, (2)

ãäå p0 ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ p0 =
(

σ
σ∗

)n2
eαn2σ0p0

s∑
k=1

ak.

Âåëè÷èíà íàïðÿæåíèÿ σêð0 , îáðàùàþùàÿ (2) â ðàâåíñòâî, òàêèì îáðàçîì
â ìîäåëè (1) èãðàåò ðîëü, àíàëîãè÷íóþ ïðåäåëó äëèòåëüíîãî ñîïðîòèâëå-
íèÿ σïäñ ðåàëüíîãî ïðîöåññà ïîëçó÷åñòè, ïîñêîëüêó ïðè çíà÷åíèÿõ, áëèçêèõ
ê σêð0 , ïðè ÷èñëåííîì ðåøåíèè (1) âû÷èñëèòåëüíàÿ ïðîöåäóðà òåðÿåò óñòîé-
÷èâîñòü. Íàéäåííûå ñ ïîìîùüþ (2) äëÿ ðåàëüíûõ ìàòåðèàëîâ σêð0 õîðîøî
êîððåëèðóþò ñ ýêñïåðèìåíòàëüíî îïðåäåë¼ííûìè σïäñ.
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Ðàññìàòðèâàþòñÿ ìîäåëè âîçìóùåííîãî äâèæåíèÿ óïðóãèõ êîñìè÷å-
ñêèõ àïïàðàòîâ è êðóïíîãàáàðèòíûõ êîñìè÷åñêèõ êîíñòðóêöèé, êîòî-
ðûå â îáùåì ñëó÷àå ñóòü ñèñòåìû ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè.
Ïðèâåäåíà îöåíêà õàðàêòåðíûõ çíà÷åíèé ðàçìåðîâ êîíñòðóêöèè òà-
êèõ îáúåêòîâ óïðàâëåíèÿ, äëÿ êîòîðûõ ïðèìåíèìû êîíå÷íîìåðíûå
ìîäåëè äâèæåíèÿ.

Êëþ÷åâûå ñëîâà: êðóïíîãàáàðèòíûå êîñìè÷åñêèå êîíñòðóêöèè, óïðó-
ãèå êîñìè÷åñêèå àïïàðàòû, ìîäåëè âîçìóùåííîãî äâèæåíèÿ, ñèñòå-
ìû ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè, êîíå÷íîìåðíûå ìîäåëè, ãðàíè-
öû ïðèìåíèìîñòè êîíå÷íîìåðíûõ ìîäåëåé

On mathematical models of perturbed motion of large-sized
space structures

Models of perturbed motion of elastic spacecraft and large-sized space
structures are considered, which in general are systems with distributed
parameters. The estimation of the characteristic dimensions of the design
of such control objects for which finite-dimensional motion models are
applicable is given.

Keywords: : large-sized space structures, elastic spacecraft, models of per-
turbed motion, systems with distributed parameters, finite-dimensional
models, limits of applicability of finite-dimensional models

Èíòåíñèâíîå ðàçâèòèå ðàêåòíî-êîñìè÷åñêîé òåõíèêè â ñåðåäèíå ïðîøëî-
ãî âåêà âûÿâèëî ðÿä ïðîáëåì, ñâÿçàííûõ ñ îãðàíè÷åííîé æ¼ñòêîñòüþ êîí-
ñòðóêöèè êðóïíîãàáàðèòíûõ êîñìè÷åñêèõ ñèñòåì (ÊÃÊÊ), ê êîòîðûì îòíî-
ñÿò è óïðóãèå êîñìè÷åñêèõ àïïàðàòû (ÊÀ). Àêòóàëüíàÿ ïðîáëåìà óïðàâëå-
íèÿ äâèæåíèåì òàêèõ êîñìè÷åñêèõ îáúåêòîâ îáóñëîâëåíà âçàèìîäåéñòâèåì
èõ ñèñòåì óïðàâëåíèÿ îðèåíòàöèåé ñ óïðóãèìè êîëåáàíèÿìè êîíñòðóêöèè
[1]. Îíà òåñíî ñâÿçàíà ñ çàäà÷àìè ôîðìèðîâàíèÿ äèíàìè÷åñêèõ ñõåì è ïî-
ñòðîåíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé âîçìóùåííîãî äâèæåíèÿ óïðóãèõ ÊÀ è
ÊÃÊÊ [2 - 4]. Ñëåäóåò îòìåòèòü, ÷òî îñíîâíîé îñîáåííîñòüþ ÊÃÊÊ ÿâëÿ-
åòñÿ òî, ÷òî îíè ñóòü ñèñòåìû ñ ðàñïðåäåë¼ííûìè ïàðàìåòðàìè. Â ýòîì
ñëó÷àå óðàâíåíèÿ âîçìóùåííîãî äâèæåíèÿ òàêèõ îáúåêòîâ óïðàâëåíèÿ çà-
ïèñûâàþòñÿ â âèäå äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ
ñ ñîîòâåòñòâóþùèìè íà÷àëüíûìè óñëîâèÿìè è îäíîðîäíûìè ãðàíè÷íûìè
óñëîâèÿìè [5].

Â ïðèêëàäíûõ çàäà÷àõ äèíàìèêè è óïðàâëåíèÿ äâèæåíèåì óïðóãèõ ÊÀ
è ÊÃÊÊ øèðîêîå ïðèìåíÿþòñÿ êîíå÷íîìåðíûå ìîäåëè äâèæåíèÿ, êîòîðûå
ïîëó÷àþò ñ ïîìîùüþ, íàïðèìåð, îäíîãî èç íàèáîëåå óíèâåðñàëüíûõ ìåòî-
äîâ - ìåòîäà À.È. Ëóðüå [6]. Ïðè ýòîì óïðóãèå äåôîðìàöèè íåæ¼ñòêîé ÷àñòè
êîíñòðóêöèè ÊÃÊÊ çàäàþòñÿ â âèäå ñìåùåíèé èç íàòóðàëüíîãî ñîñòîÿíèÿ
∆r(ρ) òî÷åê, çàäàâàåìûõ ðàäèóñ-âåêòîðàìè ρ â ñâÿçàííîé ñ íåñóùèì ñêå-
ëåòîì (èëè íàèáîëåå æåñòêîé ÷àñòüþ îáúåêòà) ñèñòåìå êîîðäèíàò, êîãäà

Ãîðåëîâ Þðèé Íèêîëàåâè÷, ä.ò.í., ïðîôåññîð, Ñàìàðñêèé óíèâåðñèòåò (Ñàìàðà, Ðîñ-
ñèÿ); Yuriy Gorelov (Samara University, Samara, Russia)
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çàäàþòñÿ â âèäå ðàçëîæåíèÿ ïî ïàðöèàëüíûì ôîðìàì êîëåáàíèé [2, 7]. Ïî-
ëó÷àåìûå ïðè ýòîì óðàâíåíèÿ äâèæåíèÿ ÊÃÊÊ íàõîäÿò ïðèìåíåíèå ïðè ðå-
øåíèè çàäà÷ àíàëèçà äèíàìè÷åñêèõ ñõåì è ñèíòåçà ñïåöèàëèçèðîâàííûõ ìî-
äåëåé äâèæåíèÿ, êîòîðûå íåîáõîäèìû äëÿ ðåøåíèÿ ñîîòâåòñòâóþùèõ çàäà÷
óïðàâëåíèÿ äâèæåíèåì [8]. Ïîñòðîåíèå òàêèõ ìîäåëåé òðåáóåò êîððåêòíî-
ãî îïèñàíèÿ äèíàìè÷åñêîé ñõåìû ÊÃÊÊ è ñîîòâåòñòâóþùåé ðåäóêöèè ýòèõ
ìîäåëåé, âêëþ÷àÿ âîïðîñ îá èõ ïðèìåíèìîñòè. Â êîíå÷íîì ñ÷åòå, ïðè ìîäå-
ëèðîâàíèè âîçìóùåííîãî äâèæåíèÿ ÊÃÊÊ íåîáõîäèìà îöåíêà ãðàíèö ïðè-
ìåíèìîñòè åå êîíå÷íîìåðíîé ìîäåëè, êîòîðàÿ áûëà ïîëó÷åíà â 1996 ã. è, â
÷àñòíîñòè, ïîâòîðíî ïðèâåäåíà â [7, 8]. Â äàííîé îöåíêå ó÷èòûâàåòñÿ òî, ÷òî
óïðóãèå êîëåáàíèÿ ÊÃÊÊ ñ ÷àñòîòàìè âûøå íåêîòîðîãî çíà÷åíèÿ íå äîïóñ-
êàþò èõ êîððåêòíîãî îïèñàíèÿ. Ïîñêîëüêó Ωmax ≈ 2πkΩvñðL

−1
ÊÃÊÊ , ãäå vñð

� ñêîðîñòü ðàñïðîñòðàíåíèÿ óïðóãèõ äåôîðìàöèé, à LÊÃÊÊ � õàðàêòåðíûé
ðàçìåð êîíñòðóêöèè, òî äëÿ åå ïðåäåëüíîãî ðàçìåðà, äîïóñêàþùåãî êîíå÷-
íîìåðíûå àïïðîêñèìàöèè ìîäåëè äâèæåíèÿ, èç óñëîâèÿ Ω̂ ≥ Ωmax ïîëó÷èì
LÊÃÊÊ ≤ 2πkΩvñðΩ̂

−1. Íàïðèìåð, äëÿ kΩ ≈ 1, vñð = 5000ì/ñ è Ω̂ = 100 Ãö,
ïîëó÷èì LÊÃÊÊ ≤ 300 ì.
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Ðàññìàòðèâàåòñÿ ìîäåëü ïðîòî÷íîãî èíêóáàòîðà, ïðåäíàçíà÷åííàÿ
äëÿ ìîäåëèðîâàíèÿ óñëîâèé êóëüòèâèðîâàíèÿ êîìáèíèðîâàííûõ êëå-
òî÷íûõ êóëüòóð è âûáîðà ðåæèìîâ ïðîêà÷êè ðîñòîâîé ñðåäû. Â îñíî-
âó ìîäåëè ïðèíÿòà ïðèíöèïèàëüíàÿ ñõåìà ôóíêöèîíèðîâàíèÿ êóëü-
òóðàëüíîãî ìîäóëÿ èíêóáàòîðà. Èñõîäÿ èç ïðåäïîëîæåíèÿ î õàðàêòå-
ðå òå÷åíèÿ ðîñòîâîé ñðåäû â íåì, ïðåäëîæåíà êîíå÷íîìåðíàÿ ìîäåëü
ñîñòîÿíèé ïðîòî÷íîãî èíêóáàòîðà äëÿ ñèíòåçà ðåæèìîâ ïðîêà÷êè ðî-
ñòîâîé ñðåäû.

Êëþ÷åâûå ñëîâà: èíêóáàòîð, êóëüòóðàëüíûé ìîäóëü, óñëîâèÿ êóëüòè-
âèðîâàíèÿ, ðåæèì ïðîêà÷êè

Simulation of pumping modes in a flow incubator for the
cultivation of cell cultures

A model of a flow incubator designed to simulate the conditions of culti-
vation of combined cell cultures and the choice of pumping modes of the
growth medium is considered. The model is based on a schematic diagram
of the functioning of the culture module of the incubator. Based on the
assumption about the nature of the flow of the growth medium in it, a
finite-dimensional model of the states of a flow incubator for the synthesis
of pumping modes of the growth medium is proposed.

Keywords: incubator, cultural module, cultivation conditions, pumping
mode

Ðàçâèòèå êëåòî÷íûõ òåõíîëîãèé òåñíî ñâÿçàíî ñ ïðèìåíåíèåì ðàçëè÷-
íûõ èíêóáàòîðîâ äëÿ êóëüòèâèðîâàíèÿ êëåòî÷íûõ êóëüòóð. Äëÿ ìîäåëèðî-
âàíèÿ ôèçèêî-õèìè÷åñêèõ óñëîâèé êóëüòèâèðîâàíèÿ, íàïðèìåð, êîìáèíè-
ðîâàííûõ êðîâåòâîðíûõ è âñïîìîãàòåëüíûõ êëåòîê ïðèìåíÿþòñÿ ïðîòî÷-
íûå èíêóáàòîðû, êîòîðûå â ýòîì ñëó÷àå ìîãóò èñïîëüçîâàòüñÿ è äëÿ ñîçäà-
íèÿ ýêñòðàêîðïîðàëüíîé ìîäåëè êîñòíîãî ìîçãà ÷åëîâåêà è, áîëåå òîãî, ñ
èõ ïîìîùüþ ìîæíî ïîëó÷àòü ôîðìåííûå êîìïîíåíòû êðîâè. Êðîìå òîãî,
øèðîêîå ïðèìåíåíèå òàêèõ èíêóáàòîðîâ íàõîäèò â ðåãåíåðàòèâíîé ìåäè-
öèíå, â òîì ÷èñëå ïðè ïðîâåäåíèè ýêñïåðèìåíòîâ â îáëàñòè êîñìè÷åñêîé
áèîëîãèè è ìåäèöèíû íà àâòîìàòè÷åñêèõ êîñìè÷åñêèõ àïïàðàòàõ [1]. Ïðè
ñîçäàíèè òàêèõ èíêóáàòîðîâ è ïðè îáåñïå÷åíèè óñëîâèé êóëüòèâèðîâàíèÿ
â êàæäîì êîíêðåòíîì ñëó÷àå èõ ïðèìåíåíèÿ àêòóàëüíîé çàäà÷åé ÿâëÿåò-
ñÿ ìîäåëèðîâàíèå ðåæèìîâ ïðîêà÷êè ðîñòîâîé ñðåäû ÷åðåç êóëüòóðàëüíûå
ìîäóëè èíêóáàòîðîâ. Ðåøåíèå ýòîé çàäà÷è îïðåäåëÿåò ýôôåêòèâíîñòü öå-
ëåâîãî ïðèìåíåíèÿ èíêóáàòîðà è åãî òåõíè÷åñêèé îáëèê. Äëÿ ïîñòðîåíèÿ
ìîäåëè ðåæèìîâ ïðîêà÷êè äàëåå ïðèíèìàåòñÿ ñëåäóþùàÿ ñõåìà èíêóáàòî-
ðà, à èìåííî: ïóñòü åãî îñíîâíîé ýëåìåíò - êóëüòóðàëüíûé ìîäóëü (ÊÌ)
ñ ïðèñîåäèíåííûìè ê íåìó ïèòàþùåé è ñáðîñîâîé ìàãèñòðàëëÿìè. Ïåðâàÿ
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ïðåäíàçíà÷åíà äëÿ ïîäà÷è ñâåæåé ðîñòîâîé ñðåäû â îáúåì ÊÌ, à âòîðàÿ -
äëÿ ñáðîñà îòðàáîòàííîé ñðåäû. Êðîìå òîãî, ÊÌ îõâàòûâàåòñÿ öèðêóëÿöè-
îííîé ìàãèñòðàëüþ, â êîòîðóþ âêëþ÷åí ñàòóðàòîð äëÿ ðåãóëèðîâàíèÿ êîí-
öåíòðàöèè CO2 â ïîäàâàåìîé ðîñòîâîé ñðåäå. Ïðîêà÷êà ðîñòîâîé ñðåäû âî
âñåõ ìàãèñòðàëÿõ îñóùåñòâëÿåòñÿ ñ ïîìîùüþ ïåðèñòàëüòè÷åñêèõ íàñîñîâ.
Ñîîòâåòñòâåííî, äëÿ îðãàíèçàöèè ïðîöåññà ìîäåëèðîâàíèÿ ðåæèìîâ ïðî-
êà÷êè íåîáõîäèìî ïðèíÿòü ðÿä äîïóùåíèé è ïðåäïîëîæåíèé. Èòàê, ïóñòü
âíóòðåííèé îáúåì ÊÌ - ïðÿìîóãîëüíûé ïàðàëëåëåïèïåä ñ îáúåìîì VKM è
ðàáî÷èì ñå÷åíèåì (ïåðïåíäèêóëÿðíûì îñè ïðîêà÷êè) SKM . Âíóòðåííèé
îáúåì ÊÌ èçîëèðîâàí îò ìàãèñòðàëåé ìîëåêóëÿðíûìè ìåìáðàíàìè äëÿ
ïðåäîòâðàùåíèÿ òðàíñïîðòà êëåòîê â ìàãèñòðàëè. Îñíîâíîé ïàðàìåòð ïå-
ðèñòàëüòè÷åñêèõ íàñîñîâ � âûòàëêèâàåìûé îáúåì æèäêîñòè δVH ìåæäó ñî-
ñåäíåé ïàðîé ðàáî÷èõ ðîëèêîâ. Ïðè ýòîì VKM = nKMδVH , nKM ≫ 1 . Òîãäà
ìîæíî ââåñòè â ðàññìîòðåíèå ýëåìåíòàðíûå îáúåìû â ÊÌ, êîòîðûå îáðà-
çóþòñÿ ðàáî÷èìè ñå÷åíèÿìè íà ðàññòîÿíèè äðóã îò äðóãà δxH = δVH/SKM

è êàæäîìó èç íèõ ìîæíî ïðèñâîèòü íåêîòîðûå ñîñòîÿíèÿ, íàïðèìåð, êîí-
öåíòðàöèþ CO2 ðîñòîâîé ñðåäû â íåì è/èëè äëèòåëüíîñòü åå íàõîæäåíèÿ
ñðåäû â ýòîì îáúåìå ñ ó÷åòîì ïðåäûñòîðèè åå ïåðåìåùåíèÿ èç ñîñåäíèõ
ýëåìåíòàðíûõ îáúåìîâ. Â ñèëó ïðåäïîëàãàåìûõ ìàëûõ ñêîðîñòåé ïðîêà÷êè
ðîñòîâîé ñðåäû â îáúåìå ÊÌ ñîñòîÿíèÿ ýëåìåíòàðíûõ îáúåìîâ áóäóò ïî-
ñëåäîâàòåëüíî ñìåíÿòü äðóã äðóãà áåç ñóùåñòâåííîãî èçìåíåíèÿ ñîñòîÿíèé
ñðåä.

Ðåæèìû ôóíêöèîíèðîâàíèÿ ïðîòî÷íîãî èíêóáàòîðà õàðàêòåðèçóþòñÿ
ïðîöåññàìè ïðîêà÷êè (ïîäà÷è ñâåæåé è ñáðîñà îòðàáîòàííîé) ñðåäû ñ ïî-
ìîùüþ ïåðèñòàëüòè÷åñêîãî íàñîñà â ïîäàþùåé ìàãèñòðàëè, óïðàâëÿþùèé
ïàðàìåòð êîòîðîãî nÏ = {0, 1} : ïðè nÏ = 0 ïðîêà÷êè íåò. Òî æå ñàìîå
îòíîñèòñÿ è ê öèðêóëÿöèîííîé ìàãèñòðàëè, äëÿ íàñîñà êîòîðîé óïðàâëÿ-
þùèé ïàðàìåòð nÖ = {0,±1}: ïðè nÖ = ±1 - ïðîêà÷êà (ïðÿìàÿ è îáðàò-
íàÿ). Òàêèì îáðàçîì, ðåæèì ïðîêà÷êè çàäàåòñÿ íåêîòîðîé ïðîãðàììîé -
{nÏ(i), nÖ(i)}, i = 1, 2, . . . , N . Â êîíå÷íîì ñ÷åòå, ìàòåìàòè÷åñêàÿ ìîäåëü
ðåæèìà ïðîêà÷êè ïðîòî÷íîãî èíêóáàòîðà áóäåò ïðåäñòàâëåíà ìîäåëüþ äèñ-
êðåòíîé óïðàâëÿåìîé ñèñòåìû, öåëüþ óïðàâëåíèÿ êîòîðîé áóäåò òðåáóåìîå
èíòåãðàëüíîå ñîñòîÿíèå ðîñòîâîé ñðåäû ê ìîìåíòó i = N .
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Êðàòêàÿ àííîòàöèÿ. Â ñòàòüå ðàññìàòðèâàåòñÿ îäèí èç àêòóàëüíûõ
äëÿ ìåòîäèêè îáó÷åíèÿ ìàòåìàòèêå âîïðîñîâ � çàäà÷è ñ ïàðàìåòðîì.
Àâòîð ïðåäëàãàåò èñïîëüçîâàòü òåðìèí ¾ïàðàìåòð¿ â ÿâíîì âèäå íà
ëþáîì ýòàïå îáó÷åíèÿ, íà÷èíàÿ ñ êóðñà ìàòåìàòèêè îñíîâíîé øêîëû
íåçàâèñèìî îò èçó÷àåìîãî ðàçäåëà.

Êëþ÷åâûå ñëîâà: çàäà÷à, ïàðàìåòð, îäíîçíà÷íî îïðåäåëåííûå, íåîä-
íîçíà÷íî îïðåäåëåííûå çàäà÷è, ìåòîäû ðåøåíèÿ çàäà÷.

Parameter as a component of the task

Short abstract. The article deals with one of the relevant questions for
the methodology of teaching mathematics – problems with a parameter.
The author suggests using the term ”parameter” explicitly at any stage
of learning, starting with the basic school mathematics course, regardless
of the section being studied.

Keywords: task, types of tasks, parameter, unambiguously defined, am-
biguously defined tasks, methods of solving problems.

Òåðìèí çàäà÷à ñîïðîâîæäàåò íàñ ïîâñþäó: îò åæåäíåâíûõ áûòîâûõ ñè-
òóàöèé äî ïðîôåññèîíàëüíûõ, ñîöèàëüíûõ, íàó÷íûõ è äðóãèõ. Îáùåïðè-
íÿòîé òðàêòîâêè ñàìîãî ïîíÿòèÿ íå ñôîðìóëèðîâàíî äî ñèõ ïîð, îäíàêî
êàæäûé ÷åëîâåê âûäåëÿåò â ëþáîé çàäà÷å óæå èçâåñòíûå âåëè÷èíû èëè îò-
íîøåíèÿ ìåæäó íèìè (óñëîâèå) è òðåáîâàíèå (âûðàæåíî íåðåäêî ñëîâàìè:
äîêàçàòü, íàéòè, âû÷èñëèòü, ïîñòðîèòü, îáîñíîâàòü è ò.ï.). Çàìåòèì, ÷òî èç
êîìïëåêñà äàííûõ âåëè÷èí â óñëîâèè çàäà÷è îäíó èëè íåñêîëüêî âåëè÷èí
ìîæíî çàôèêñèðîâàòü, à äðóãèå ìåíÿòü, íàáëþäàÿ ïðè ýòîì çà èçìåíåíèåì
õàðàêòåðà îïèñàííîãî â çàäà÷å ïðîöåññà, à òàêæå ñðàâíèâàÿ ïîëó÷àåìûå
îòâåòû. Ïðè ýòîì çàäà÷à ñòàíîâèòñÿ çàäà÷åé â ïîëíîì ñìûñëå ýòîãî ñëîâà
òîëüêî â òîì ñëó÷àå, êîãäà òîò, ê êîìó îáðàùåíà äàííàÿ çàäà÷à, ïðèíèìàåò
åå è îñóùåñòâëÿåò âñå íåîáõîäèìûå äåéñòâèÿ äëÿ âûïîëíåíèÿ òðåáîâàíèÿ
çàäà÷è (ðåøàåò åå).

Âñå ñóùåñòâóþùèå âèäû çàäà÷ â òîé èëè èíîé ìåðå îêàçûâàþòñÿ âîñ-
òðåáîâàííûìè ÷åëîâåêîì íå òîëüêî â ó÷åáíîé, íî è â ïðîôåññèîíàëüíîé
äåÿòåëüíîñòè, à ïîòîìó îáùèå ïîäõîäû ê ðåøåíèþ çàäà÷ êàæäûé îáÿçàí
íå òîëüêî çíàòü, íî è óñâîèòü èõ äî óðîâíÿ íàâûêà, ÷òîáû çàòåì ïåðåíåñòè
îáùèå ðàññóæäåíèÿ è ïðèîáðåòåííûé îïûò ðåøåíèÿ íåñòàíäàðòíûõ çàäà÷
â ëþáóþ ñèòóàöèþ. Ëþáàÿ èç çàäà÷ â ñîñòàâå óñëîâèÿ èëè òðåáîâàíèÿ ñî-
äåðæèò íåñêîëüêî êîìïîíåíòîâ, êàæäûé èç êîòîðûõ ïîçâîëÿåò âûäåëÿòü
êîíêðåòíóþ ñèòóàöèþ èç ìíîæåñòâà äðóãèõ è îöåíèâàòü åå ðåçóëüòàò.

Îäíîçíà÷íî îïðåäåëåííûå çàäà÷è � ýòî çàäà÷è, â êîòîðûõ çàäàíî íåîá-
õîäèìîå è äîñòàòî÷íîå ÷èñëî ýëåìåíòàðíûõ óñëîâèé äëÿ óäîâëåòâîðåíèÿ
òðåáîâàíèÿì. Ðåøåíèå òàêèõ çàäà÷, êàê ïðàâèëî, ïîä÷èíÿåòñÿ îïðåäåë¼í-
íîìó àëãîðèòìó.
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Â íåîäíîçíà÷íî îïðåäåëåííîé çàäà÷å íåëüçÿ óñòàíîâèòü îäíîçíà÷íîå ñî-
îòâåòñòâèå ìåæäó èìåþùèìèñÿ óñëîâèÿìè è òðåáîâàíèåì. Â îáó÷åíèè ìà-
òåìàòèêå òàêèå çàäà÷è ñïîñîáñòâóþò ðàçâèòèþ íåëèíåéíîñòè è êðèòè÷íî-
ñòè ìûøëåíèÿ, ôîðìèðîâàíèþ óìåíèÿ íåñòàíäàðòíî ïîäõîäèòü ê ðåøåíèþ
èìåþùèõñÿ ïðîáëåì è óìåíèÿ ëîãè÷åñêè âûñòðàèâàòü öåïî÷êó ñâîèõ ðàñ-
ñóæäåíèé.

Àíàëèç øêîëüíûõ ó÷åáíèêîâ ìàòåìàòèêè ïîêàçûâàåò, ÷òî îíè ñîäåðæàò
âðîäå áû äîñòàòî÷íîå (ïîðîé äàæå èçáûòî÷íîå) êîëè÷åñòâî çàäà÷, íà îñíî-
âàíèè êîòîðûõ ó÷èòåëü ìîæåò äåëàòü ïîäáîðêè ê óðîêàì, îðèåíòèðîâàí-
íûå íà ðàçíûå êëàññû, ðàçíûå òåìû è íà ðàçíûõ ó÷àùèõñÿ. Íî îñíîâíàÿ
ìàññà ïðåäñòàâëåííûõ çàäà÷, ñ òî÷êè çðåíèÿ ïîëíîòû è îïðåäåëåííîñòè
óñëîâèÿ, îäíîçíà÷íî îïðåäåëåíû. À òàê êàê áîëüøèíñòâî çàäà÷, ïðåäëàãàå-
ìûõ â ó÷åáíèêå è ðàññìàòðèâàåìûõ íà óðîêàõ � îäíîçíà÷íî îïðåäåëåííûå,
îáó÷àþùèåñÿ â áîëüøèíñòâå ñâîåì íå çàäóìûâàþòñÿ î âîçìîæíîñòè íåäî-
ñòàòî÷íîñòè, èçáûòî÷íîñòè è ïðîòèâîðå÷èâîñòè óñëîâèÿ, ïîòîìó ÷òî, êàê
ïðàâèëî, â çàäà÷å èìååòñÿ ðîâíî ñòîëüêî óñëîâèé, ñêîëüêî íåîáõîäèìî äëÿ
âûïîëíåíèÿ òðåáîâàíèÿ.

Çàäà÷è ñ ïàðàìåòðàìè � ÷àñòíûé ñëó÷àé íåäîîïðåäåëåííûõ çàäà÷. Äåé-
ñòâèòåëüíî, â óðàâíåíèè ïîìèìî ïåðåìåííîé ñîäåðæèòñÿ åùå îäíà (èëè áî-
ëåå îäíîé) íåèçâåñòíàÿ âåëè÷èíà � ïàðàìåòð. Äëÿ òîãî, ÷òîáû ðåøèòü òàêîå
óðàâíåíèå íåîáõîäèìî íàéòè êîðåíü óðàâíåíèÿ äëÿ êàæäîãî çíà÷åíèÿ ýòîé
ïåðåìåííîé.

Â ïðîöåññå îáó÷åíèÿ øêîëüíèêîâ âàæíî ñíà÷àëà ðàçðàáîòàòü îáùóþ
êîíöåïöèþ âêëþ÷åíèÿ çàäà÷ ñ ïàðàìåòðàìè â ó÷åáíûé êóðñ ìàòåìàòèêè,
à çàòåì íàïîëíèòü êàæäûé ðàçäåë ñîîòâåòñòâóþùèìè çàäàíèÿìè.

Íàïðèìåð, äëÿ øêîëüíèêîâ 6 � 7 êëàññîâ öåëåñîîáðàçíî ïðåäëàãàòü òà-
êèå çàäà÷è.

1) Îïðåäåëèòå ÷èñëî êîðíåé óðàâíåíèÿ:

2x+ 7 = 5− 2x; 2x+ 7 = 5 + 6x− 4x; 2x+ 7 = 14 : 2 + 2x.

2) Íàçîâèòå âîçìîæíûå ÷èñëîâûå çíà÷åíèÿ êîýôôèöèåíòîâ m è n â
óðàâíåíèè m · x = n, ÷òîáû óðàâíåíèå èìåëî: îäèí êîðåíü; áîëåå îäíîãî
êîðíÿ; íå èìåëî êîðíåé.

3) Ñîñòàâüòå è ðåøèòå çàäà÷ó íà îñíîâå çàäàííîãî óðàâíåíèÿ.
4) Äàíî óðàâíåíèå îòíîñèòåëüíî . Íàïèøèòå óðàâíåíèå, êîòîðîå ïîëó-

÷èòñÿ ïðè à) m= 3; á) m = -3; â) m = 0,8; ã) m = 3
4 ; ä) m=0.

Â ñëåäóþùèõ êëàññàõ ìîæíî ïðåäëàãàòü ó÷àùèìñÿ ðåøàòü ðàçëè÷íûå
óðàâíåíèÿ, â òîì ÷èñëå ñîäåðæàùèå ïàðàìåòð. Íàïðèìåð, äàíî óðàâíåíèå
îòíîñèòåëüíî ïåðåìåííîé õ, â êîòîðîì ïåðåìåííàÿ à ïðèíèìàåò ëþáûå äåé-
ñòâèòåëüíûå çíà÷åíèÿ. Îïðåäåëèòå ÷èñëî ðåøåíèé óðàâíåíèÿ â çàâèñèìîñòè
îò çíà÷åíèé ïàðàìåòðà à.

Â äàëüíåéøåì, ñ ïîÿâëåíèåì â øêîëüíîì êóðñå ìàòåìàòèêè íîâûõ âèäîâ
óðàâíåíèé è íåðàâåíñòâ, öåëåñîîáðàçíî ñòàâèòü ïåðåä øêîëüíèêàìè òå æå
âîïðîñû è ïðåäëàãàòü àíàëîãè÷íûå çàäàíèÿ, ÷òîáû ñïîñîáñòâîâàòü ñèñòåìà-
òèçàöèè è îáîáùåíèþ ïðèåìîâ è ìåòîäîâ ðåøåíèÿ óðàâíåíèé è íåðàâåíñòâ.

Ñðåäè ìåòîäîâ ðåøåíèÿ âñåõ ïåðå÷èñëåííûõ çàäà÷ ìîæíî âûäåëèòü äâà:
àíàëèòè÷åñêèé è ãðàôè÷åñêèé. Çàìåòèì, ÷òî ãðàôè÷åñêèé ìåòîä èìååò ïðå-
èìóùåñòâà ïåðåä àíàëèòè÷åñêèì â òîì, ÷òî â ïðîöåññå èññëåäîâàíèÿ çàäà÷-
íîé ñèòóàöèè ìû ñ ïîìîùüþ ãðàôèêîâ õîðîøî ïðåäñòàâëÿåì òó ñèòóàöèþ,
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êîòîðàÿ îïèñàíà â äàííîé çàäà÷å. Ïðè ýòîì îñòàåòñÿ ëèøü àíàëèòè÷åñêè çà-
ïèñàòü îòâåò ê çàäà÷å. Ãðàôèêè çàâèñèìîñòåé, îòðàæàþùèõ óñëîâèÿ, ìîæíî
ñòðîèòü â ðàçëè÷íûõ ñèñòåìàõ êîîðäèíàò ÕÎÓ èëè ÕÎÀ.

Âàæíî îòìåòèòü òàêæå íåêîòîðûå îáùèå ñèòóàöèè, ïîçâîëÿþùèå óïðî-
ñòèòü äàííîå â óðàâíåíèè èëè íåðàâåíñòâå óñëîâèå ÷åðåç ââåäåíèå âñïî-
ìîãàòåëüíîé ïåðåìåííîé èëè ôóíêöèè, òîãäà ðåøåíèå çàäà÷è çíà÷èòåëüíî
óïðîùàåòñÿ. Ïîñëå ïðîâåäåííîé çàìåíû â òàêèõ çàäà÷àõ íåðåäêî ïîëó÷àþò
êâàäðàòíûé òðåõ÷ëåí, è çàäà÷à ñâîäèòñÿ ê èññëåäîâàíèþ ýòîãî òðåõ÷ëåíà.

Äðóãèì íàïðàâëåíèåì ôîðìèðîâàíèÿ ó øêîëüíèêîâ ñïîñîáíîñòè ê àíà-
ëèçó çàäà÷íîé ñèòóàöèè è âûáîðó ïóòè ðåøåíèÿ ÿâëÿþòñÿ òàê íàçûâàåìûå
ìíîãîâàðèàíòíûå ïëàíèìåòðè÷åñêèå çàäà÷è (ìû èõ òàêæå îòíîñèì ê íåîä-
íîçíà÷íî îïðåäåëåííûì çàäà÷àì).

È ñíîâà ïðèõîäèòñÿ êîíñòàòèðîâàòü äåôèöèò, à èíîãäà è îòñóòñòâèå â
øêîëüíûõ ó÷åáíèêàõ çàäà÷, ïðåäïîëàãàþùèõ íåîäíîçíà÷íûé îòâåò. Ïðè
ýòîì â çàäàíèÿ ÅÃÝ ñîñòàâèòåëè âêëþ÷àþò ïîäîáíûå çàäà÷è. Íàïîëíèòü
ñîäåðæàíèå ó÷åáíèêà íåîäíîçíà÷íî îïðåäåëåííûìè çàäà÷àìè äîñòàòî÷íî
ïðîáëåìàòè÷íî, õîòÿ è âîçìîæíî, à çíà÷èò, ìåòîäèñòû è ó÷èòåëÿ îáÿçàíû
óäåëÿòü âíèìàíèå ýòèì àñïåêòàì â ïðîöåññå îáó÷åíèÿ. Ñ ýòîé öåëüþ ìîæíî
èñïîëüçîâàòü çàäà÷è èç ðàçëè÷íûõ ñáîðíèêîâ, ëèáî ñîñòàâëÿòü èõ ñàìîñòî-
ÿòåëüíî, îñîáåííî íà ýòàïàõ ââåäåíèÿ íîâûõ òåîðåòè÷åñêèõ ôàêòîâ è íà
ýòàïå èõ îáîáùåíèÿ è ñèñòåìàòèçàöèè.

Ìîæíî ãîâîðèòü î çàäà÷àõ ñ ïàðàìåòðàìè â ëþáîì ðàçäåëå êóðñà ìà-
òåìàòèêè. Âàæíî, ÷òîáû ó÷èòåëÿ öåëåíàïðàâëåííî ââîäèëè òàêèå çàäà÷è
â ó÷åáíûé ïðîöåññ è ñîáëþäàëè âñå íåîáõîäèìûå òðåáîâàíèÿ ê ìåòîäèêå
îáó÷åíèÿ èõ ðåøåíèþ.
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Â ñòàòüå ïðåäñòàâëåíû ðåçóëüòàòû ýêîíîìåòðè÷åñêîãî ìîäåëèðîâàíèÿ
çàâèñèìîñòè ñîöèàëüíî-ýêîíîìè÷åñêèõ ïîêàçàòåëåé ïðèïîðòîâîãî ðå-
ãèîíà Ðîññèéñêîé Ôåäåðàöèè îò èíâåñòèöèé â ïîðòîâóþ èíôðàñòðóê-
òóðó íà îñíîâå äàííûõ Ðîññòàòà ïî 11 ðåãèîíàì çà ïåðèîä 2010-2019 ãã.
Ïîñòðîåííûå ìîäåëè ìîãóò áûòü èñïîëüçîâàíû äëÿ ïðîãíîçèðîâàíèÿ
âëèÿíèÿ èíâåñòèöèé íà ïîêàçàòåëè ýêîíîìè÷åñêîãî ðàçâèòèÿ ðåãèîíà.

Êëþ÷åâûå ñëîâà: ðåãðåññèîííûå ìîäåëè, ìîðñêîé ïîðò, ðåãèîíàëüíîå
ðàçâèòèå

Econometric models of the dependence of the socio-economic
indicators of the region Russia from investments in the port

infrastructure

The article presents the results of econometric modelling of the depen-
dence socio-economic indicators of the port region of the Russian Feder-
ation from investments in port infrastructure based on the Federal State
Statistics Service data for 11 regions for the period 2010-2019. The con-
structed models can be used to predict the impact of investments on the
indicators of the economic development of the region.

Keywords: regression models; seaport; regional development

Ïðîáëåìû îöåíêè âëèÿíèÿ òðàíñïîðòíî-ëîãèñòè÷åñêîé èíôðàñòðóêòó-
ðû íà ðåãèîíàëüíîå ðàçâèòèå òðàäèöèîííî ðàññìàòðèâàþòñÿ â íàó÷íîé ëè-
òåðàòóðå. Îäíàêî, âîïðîñû î ñóùåñòâîâàíèè è âèäå çàâèñèìîñòè ìåæäó
ðàçâèòèåì ïîðòîâîé èíôðàñòðóêòóðû è ïðèëåãàþùåé òåððèòîðèè íà ñåãî-
äíÿøíèé äåíü îñâåùåíû íå äîñòàòî÷íî ïîëíî. Â [1] ïðèâîäÿòñÿ îñíîâíûå
ïîäõîäû ê îöåíêå âëèÿíèÿ ìîðñêèõ ïîðòîâ íà ýêîíîìè÷åñêèé ðîñò ðåãèîíà.
Âûâîäû îá îñîáåííîñòÿõ âëèÿíèÿ ðÿäà ñîöèàëüíî-ýêîíîìè÷åñêèõ ôàêòîðîâ
íà ýêñïîðò è èìïîðò ïîðòîâîãî ðåãèîíà ÐÔ íà îñíîâå àíàëèçà ïàíåëüíûõ
äàííûõ ðàññìîòðåíû â [2].

Äëÿ àíàëèçà ñîáðàíû äàííûå Ôåäåðàëüíîé ñëóæáû ãîñóäàðñòâåííîé
ñòàòèñòèêè (http://www.gks.ru/): äàííûå îá èíâåñòèöèÿõ ïÿòè ìîðñêèõ ïîð-
òîâ Ðîññèè (Áîëüøîé ïîðò Ñàíêò-Ïåòåðáóðã, Ìóðìàíñê, Îëÿ, Íîâîðîñ-
ñèéñê, Âîñòî÷íûé); ñòàòèñòè÷åñêèå äàííûå îá îáúåìå ýêñïîðòà è èìïîðòà,
äîëå çàíÿòîãî òðóäîñïîñîáíîãî íàñåëåíèÿ è óðîâíå ïðîæèòî÷íîãî ìèíèìó-
ìà â 11 ïîðòîâûõ è áëèçëåæàùèõ ê ïîðòàì ðåãèîíàõ çà ïåðèîä 2010-2019 ãã.
Ðåãèîíû, ïî êîòîðûì ïðîâåäåí àíàëèç: òåððèòîðèÿ Áîëüøîãî ïîðòà Ñàíêò-
Ïåòåðáóðã îõâàòûâàåò ã. Ñàíêò-Ïåòåðáóðã, Ëåíèíãðàäñêóþ è Âîëîãîäñêóþ
îáëàñòè; òåððèòîðèÿ ïîðòà Ìóðìàíñê îõâàòûâàåò Ìóðìàíñêóþ îáëàñòü è
Ðåñïóáëèêó Êàðåëèþ; òåððèòîðèÿ ïîðòà Îëÿ îõâàòûâàåò Àñòðàõàíñêóþ è

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 19-510-23001)
Çàé÷èêîâà Í.À. ê.ô.-ì. í, äîöåíò, ÔÃÀÎÓ ÂÏÎ "Ñàìàðñêèé ãîñóäàðñòâåííûé ýêîíî-

ìè÷åñêèé óíèâåðñèòåò"(Ñàìàðà, Ðîññèÿ); Nadezhda Zaychikova (Samara State University
of Economics, Russia)
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Âîëãîãðàäñêóþ îáëàñòè; òåððèòîðèÿ ïîðòà Íîâîðîññèéñê îõâàòûâàåò Êðàñ-
íîäàðñêèé è Ñòàâðîïîëüñêèé êðàé; òåððèòîðèÿ ïîðòà Âîñòî÷íûé îõâàòû-
âàåò Ïðèìîðñêèé è Õàáàðîâñêèé êðàé.

Â êà÷åñòâå ôàêòîðíîé ïåðåìåííîé, âëèÿþùåé íà èçìåíåíèå ïîðòîâîé èí-
ôðàñòðóêòóðû è ñîöèàëüíî-ýêîíîìè÷åñêèõ ïîêàçàòåëåé ïîðòîâûõ ðåãèîíîâ,
âçÿòà ïåðåìåííàÿ, îïèñûâàþùàÿ îáúåì èíâåñòèöèé ïî ãðóïïàì ïîðòîâûõ
ðåãèîíîâ ÐÔ â ìëí. ðóá. (In). Ðåçóëüòàòèâíûå ïðèçíàêè: ýêñïîðò (Export),
èìïîðò (Import), ÷èñëåííîñòü ðàáî÷åé ñèëû (LaborForce), óðîâåíü çàíÿòî-
ñòè, âåëè÷èíà ïðîæèòî÷íîãî ìèíèìóìà íà äóøó òðóäîñïîñîáíîãî íàñåëåíèÿ
çà 2010-2019 ãîäû. Â äàííûõ ïðåîáëàäàþò àáñîëþòíûå çíà÷åíèÿ (èñêëþ÷å-
íèå ñîñòàâëÿåò óðîâåíü çàíÿòîñòè, â %). Â ðàáîòå èñïîëüçîâàëèñü ìåòîäû
ìàòåìàòè÷åñêîé ñòàòèñòèêè è ýêîíîìåòðèêè. Àíàëèç è îáðàáîòêà ñòàòèñòè-
÷åñêîé èíôîðìàöèè ïðîâîäèëèñü ñ èñïîëüçîâàíèåì ïàêåòà ïðèêëàäíûõ ïðî-
ãðàìì Gretl è ñðåäñòâ Microsoft Excel.

Äëÿ îöåíêè ñóùåñòâåííîñòè âëèÿíèÿ èíâåñòèöèé íà ñîöèàëüíî-
-ýêîíîìè÷åñêèå ïîêàçàòåëè ðåãèîíîâ áûëè èñïîëüçîâàíû ìåòîäû
êîððåëÿöèîííî-ðåãðåññèîííîãî àíàëèçà è íåëèíåéíûõ ìîäåëåé. Ïî èòîãàì
àíàëèçà ðàçëè÷íûõ ðåãðåññèîííûõ ìîäåëåé áûëè îòîáðàíû ëó÷øèå
èç íèõ â ñìûñëå ñòàòèñòè÷åñêîãî êà÷åñòâà è îïèñàòåëüíîé ñïîñîáíîñòè.
Íèæå ïðèâîäÿòñÿ ïðèìåðû ëó÷øèõ ìîäåëåé ðàçëè÷íûõ âèäîâ.

1) Õàáàðîâñêèé êðàé:

Import = 1245, 880− 0, 247In+ 1, 978e(−05) ∗ In2, R2 = 0, 843;

2) Ðåñïóáëèêà Êàðåëèÿ: Import = 592, 366−50, 1179 ln(In), R2 = 0, 690;
3) Âîëãîãðàäñêàÿ îáëàñòü:

Import = 104, 932 ∗ exp(0, 00104In), R2 = 0, 622;

4) Ñòàâðîïîëüñêèé êðàé:

Export = 781, 883 + 0, 213In− 3, 051e(−05) ∗ In2, R2 = 0, 664;

5) Ïðèìîðñêèé êðàé: Export = 2272, 670 + 0, 550In, R2 = 0, 369;
6) Ðåñïóáëèêà Êàðåëèÿ: Export = 1316, 190− 0, 132In, R2 = 0, 657;
7) Õàáàðîâñêèé êðàé: LaborForce = 752, 327−0, 004142In, R2 = 0, 837,
8) Ìóðìàíñêàÿ îáëàñòü:

LaborForce = 490, 713− 0, 04804In+ 9, 197e(−06) ∗ In2, R2 = 0, 622;

9) Âîëãîãðàäñêàÿ îáëàñòü:

LaborForce = −66, 460 + 1, 156In− 2, 394e(−04) ∗ In2, R2 = 0, 746.

Äëÿ èòîãîâûõ ìîäåëåé âûïîëíåíû óñëîâèÿ ñòàòèñòè÷åñêîé çíà÷èìîñòè
îöåíîê êîýôôèöèåíòîâ, ñòîÿùèõ ïðè ïåðåìåííûõ, ïî êðèòåðèþ Ñòüþäåíòà,
çíà÷èìîñòè ìîäåëè â öåëîì ïî êðèòåðèþ Ôèøåðà-Ñíåäåêîðà (îò 1 % äî 10%
óðîâíÿ ñòàòèñòè÷åñêîé çíà÷èìîñòè), è ïðîâåðåíî âûïîëíåíèå óñëîâèé òåî-
ðåìû Ãàóññà-Ìàðêîâà. Äëÿ óñòðàíåíèÿ ïîñëåäñòâèé ãåòåðîñêåäàñòè÷íîñòè
èñïîëüçîâàíû ðîáàñòíûå ñòàíäàðòíûå îøèáêè.

Â ðåçóëüòàòå èññëåäîâàíèÿ ïîäòâåðæäåíà çàâèñèìîñòü ýêñïîðòà, èìïîð-
òà è ÷èñëåííîñòè ðàáî÷åé ñèëû ðåãèîíà îò èíâåñòèöèé â ïîðòîâóþ èíôðà-
ñòðóêòóðó. Õàðàêòåð ïîëó÷åííûõ ðåãðåññèîííûõ çàâèñèìîñòåé îòëè÷àåòñÿ
ïî ðåãèîíàì â ñëåäñòâèå çíà÷èòåëüíûõ îñîáåííîñòåé ðàçâèòèÿ ýêîíîìèêè
ðåãèîíîâ è ðàçëè÷èé â õàðàêòåðå è ñòðóêòóðå èíâåñòèöèé.
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The use of active forms and methods of learning in the lessons
of mathematics as a means of achieving the planned results

Short abstract: The article provides examples of active forms and methods
that can be used to achieve the planned results of FSES LLC

Keywords: teaching methods of mathematics, active forms of teaching

Ìàòåìàòèêà êàê îáùåîáðàçîâàòåëüíûé ó÷åáíûé ïðåäìåò îáëàäàåò áîëü-
øèì âîñïèòàòåëüíûì, îáðàçîâàòåëüíûì è ðàçâèâàþùèì ïîòåíöèàëîì. Âíî-
ñèò áîëüøîé âêëàä â ðåøåíèå ïîñòàâëåííûõ ïåðåä øêîëîé çàäà÷. Ïðîöåññ
îáó÷åíèÿ ìàòåìàòèêå â øêîëå ñòðîèòñÿ íà ó÷åòå èíäèâèäóàëüíûõ îñîáåí-
íîñòåé ó÷àùèõñÿ, èõ èíòåðåñîâ è ñêëîííîñòåé.

Â ñîâðåìåííîå îáðàçîâàíèå, îïðåäåëÿÿ îñíîâíûå çàäà÷è ïðè ïîäãîòîâ-
êå îáó÷àþùåãîñÿ, â ïðèîðèòåò íàä íàáîðîì íåîáõîäèìûõ çíàíèé, óìåíèé
è êà÷åñòâ, ñòàâèò óìåíèÿ ïðèìåíÿòü ïîëó÷åííûå çíàíèÿ â íîâûõ ñèòóàöè-
ÿõ, â óñëîâèÿõ ñàìîñòîÿòåëüíîé æèçíè, à òàêæå óìåíèÿ íåñòàíäàðòíî ìûñ-
ëèòü, àíàëèçèðîâàòü è àðãóìåíòèðîâàòü ñâîþ òî÷êó çðåíèÿ. Äëÿ ðåøåíèÿ
ïîñòàâëåííûõ çàäà÷, òðåáóþòñÿ ýôôåêòèâíûå ôîðìû îðãàíèçàöèè îáðàçî-
âàòåëüíîãî ïðîöåññà, íîâûå ïåäàãîãè÷åñêèå òåõíîëîãèè, àêòèâíûå ìåòîäû
îáó÷åíèÿ, òàê êàê òðàäèöèîííîå ðåïðîäóêòèâíîå îáó÷åíèå îòâîäèò ïàññèâ-
íóþ ðîëü ó÷åíèêàõ è íå ïîçâîëÿåò ïîëíîñòüþ ðàñêðûòü èõ ïîòåíöèàë.

Îñíîâîé ðåàëèçàöèè Ôåäåðàëüíîãî ãîñóäàðñòâåííîãî îáðàçîâàòåëüíîãî
ñòàíäàðòà îñíîâíîãî îáùåãî îáðàçîâàíèÿ ñëóæèò ñèñòåìíî-äåÿòåëüíîñòíûé
ïîäõîä. Íà ñåãîäíÿøíèé äåíü ãëàâíîé öåëüþ ïåäàãîãà, ÿâëÿåòñÿ ñîçäàíèå
ñîöèàëüíî-ïåäàãîãè÷åñêèõ óñëîâèé äëÿ ñóáúåêò-ñóáúåêòíîãî îáùåíèÿ ìåæ-
äó ó÷àñòíèêàìè îáðàçîâàòåëüíîãî ïðîöåññà, ñïîñîáñòâóþùåãî ëè÷íîñòíîìó
ðàçâèòèþ îáó÷àþùèõñÿ. Âîïðîñ àêòèâíîñòè ëè÷íîñòè â îáó÷åíèè � îäèí èç
àêòóàëüíûõ â îáðàçîâàòåëüíîé ïðàêòèêå.

Àêòèâíûå ìåòîäû îáó÷åíèÿ � ýòî ìåòîäû, êîòîðûå ñòèìóëèðóåò ó ó÷à-
ùèõñÿ àêòèâíóþ ìûñëèòåëüíóþ è ïðàêòè÷åñêóþ äåÿòåëüíîñòè â õîäå èçó-
÷åíèÿ ó÷åáíîãî ìàòåðèàëà. Â îñíîâå ñîâðåìåííîãî îáó÷åíèÿ � ñèñòåìà ìå-
òîäîâ, íàïðàâëåííàÿ íå íà èçëîæåíèå ó÷èòåëåì ãîòîâûõ çíàíèé, èõ çàïî-
ìèíàíèå è âîñïðîèçâåäåíèå, à íà ñàìîñòîÿòåëüíîå îâëàäåíèå ó÷àùèìèñÿ

Èâàíþê Ìàðèÿ Åâãåíüåâíà, ê.ï.í., äîöåíò êàôåäðû ìàòåìàòèêè è ìåòîäèêè îáó÷å-
íèÿ, Ñàìàðñêèé ãîñóäàðñòâåííûé ñîöèàëüíî-ïåäàãîãè÷åñêèé óíèâåðñèòåò (Ñàìàðà, Ðîñ-
ñèÿ); Maria Ivanyuk (Samara State University of Social Sciences and Education, Samara,
Russia).

Ñèäóáàåâà Òàòüÿíà Âèêòîðîâíà, Ñàìàðñêèé ãîñóäàðñòâåííûé ñîöèàëüíî-
ïåäàãîãè÷åñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ); Sidubaeva Tatiana (Samara State
University of Social Sciences and Education, Samara, Russia).
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çíàíèÿìè è óìåíèÿìè â ïðîöåññå àêòèâíîé ìûñëèòåëüíîé è ïðàêòè÷åñêîé
äåÿòåëüíîñòè.

Àêòèâíûå ìåòîäû îáó÷åíèÿ ñòðîÿòñÿ ïî ñõåìå âçàèìîäåéñòâèÿ ¾ó÷èòåëü
- ó÷åíèê¿. Îíè ïðåäïîëàãàþò ðàâíîçíà÷íîå ó÷àñòèå ïåäàãîãà è îáó÷àþùåãî-
ñÿ â ó÷åáíîì ïðîöåññå, òî åñòü, îáó÷àþùèåñÿ âûñòóïàþò êàê ðàâíûå ó÷àñò-
íèêè è ñîçäàòåëè óðîêà.

Èäåÿ àêòèâíûõ ìåòîäîâ îáó÷åíèÿ â ïåäàãîãèêå íå íîâà. Ïðèçíàêè àê-
òèâíûõ ìåòîäîâ îáó÷åíèÿ:

� àêòèâíîñòü îáó÷àþùèõñÿ ñîõðàíÿåòñÿ íà ïðîòÿæåíèè âñåãî ó÷åáíîãî
ïðîöåññà;

� ñàìîñòîÿòåëüíàÿ ïîñòàíîâêà è ïîèñê ðåøåíèé ïîñòàâëåííûõ çàäà÷;
� âûñîêàÿ ìîòèâèðîâàííîñòü ê îáó÷åíèþ.
Àêòèâíûå ìåòîäû îáó÷åíèÿ ñòðîÿòñÿ: íà äèàëîãàõ, ãäå ïðîâîäèòñÿ ñâî-

áîäíûé îáìåí èäåÿìè î âîçìîæíîñòè âûõîäà èç ñèòóàöèè; íà ïðàêòè÷åñêîé
íàïðàâëåííîñòè, èãðîâîì äåéñòâèè è òâîð÷åñêîì õàðàêòåðå îáó÷åíèÿ; íà
êîììóíèêàöèè ìåæäó ó÷àñòíèêàìè îáðàçîâàòåëüíîãî ïðîöåññà; íà ïðèìå-
íåíèè çíàíèé è îïûòà îáó÷àþùèõñÿ, èíäèâèäóàëüíîé ôîðìå îðãàíèçàöèè
èõ ðàáîòû; äåÿòåëüíîñòíîì ïîäõîäå ê îáó÷åíèþ.

Ïðè âûáîðå àêòèâíûõ ìåòîäîâ îáó÷åíèÿ â îñíîâíîé øêîëå ñëåäóåò ðóêî-
âîäñòâîâàòüñÿ ñëåäóþùèìè êðèòåðèÿìè: ñîîòâåòñòâèå çàäà÷ ïîñòàâëåííûì
öåëÿì;

� ñîîòâåòñòâèå ïðèíöèïàì îáó÷åíèÿ ìàòåìàòèêå;
� ñîîòâåòñòâèå ñîäåðæàíèþ èçó÷àåìîé òåìû ïî ìàòåìàòèêå â îñíîâíîé

øêîëå;
� ñîîòâåòñòâèå âîçìîæíîñòÿì îáó÷àåìûõ - èõ âîçðàñòó è ïñèõîëîãè÷å-

ñêîìó ðàçâèòèþ;
� ñîîòâåòñòâèå óñëîâèÿì è âðåìåíè, îòâåäåííîìó íà îáó÷åíèå;
� ñîîòâåòñòâèå âîçìîæíîñòÿì ïåäàãîãà.
Äëÿ ìîòèâàöèè è ïîâûøåíèÿ çàèíòåðåñîâàííîñòè îáó÷àþùèõñÿ â ìàòå-

ìàòèêå íåîáõîäèìî ñòèìóëèðîâàòü àêòèâíóþ ïîçíàâàòåëüíóþ äåÿòåëüíîñòü
íà ïðîòÿæåíèè âñåãî óðîêà. Àêòèâíîñòü îáó÷àþùåãîñÿ ïðåæäå âñåãî îáåñ-
ïå÷èâàåòñÿ öåëåíàïðàâëåííûì è ìàêñèìàëüíûì èñïîëüçîâàíèåì ïåäàãîãîì
íà óðîêå ñëåäóþùèõ çàäàíèé: ñôîðìóëèðóé îïðåäåëåíèå, äîêàæè, îáúÿñíè,
âûðàáîòàé àëüòåðíàòèâíóþ òî÷êó çðåíèÿ è òîìó ïîäîáíîå. Äîïîëíèòåëüíî,
ïåäàãîã ìîæåò èñïîëüçîâàòü ïðèåìû ïî èñïðàâëåíèþ ¾íàìåðåííî ñäåëàí-
íûõ¿ îøèáîê, ôîðìóëèðîâàíèþ è ðàçðàáîòêå çàäàíèé äëÿ ó÷àùèõñÿ.

Ïî èòîãàì èçó÷åíèÿ íàó÷íî-ìåòîäè÷åñêîé ëèòåðàòóðû è ïðàêòè÷åñêèõ
ïðèìåðîâ ìû ïðèøëè ê ñëåäóþùèì âûâîäàì: ïðèìåíåíèå àêòèâíûõ ìåòî-
äîâ îáó÷åíèÿ íà óðîêàõ ìàòåìàòèêè îêàçûâàåò ïîëîæèòåëüíîå âëèÿíèå íà
ó÷åáíóþ äåÿòåëüíîñòü è íà ïîâûøåíèå ìîòèâàöèè ó÷åíèÿ. Ñîâåðøåíñòâó-
þòñÿ êîììóíèêàòèâíûå óìåíèÿ îáó÷àþùèõñÿ âî âñåõ âèäàõ ó÷åáíîé äåÿ-
òåëüíîñòè, óìåíèå ïëàíèðîâàòü ñâî¼ ðå÷åâîå è íåðå÷åâîå ïîâåäåíèå, ðàçâè-
âàþòñÿ êîììóíèêàòèâíûå íàâûêè, ðàçâèâàåòñÿ êîìïåíñàòîðíàÿ êîìïåòåí-
öèÿ. Ðàçâèòèå îáùèõ è ñïåöèàëüíûõ ó÷åáíûõ óìåíèé ïîçâîëÿåò ñîâåðøåí-
ñòâîâàòü ó÷åáíóþ äåÿòåëüíîñòü è ïîçíàâàòåëüíûõ èíòåðåñîâ.
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Íàìè ïîëó÷åíîî îáîáùåíèå êëàññè÷åñêîé òåîðåìû Áîðà. Â êà÷åñòâå
ïðèëîæåíèÿ ïîëó÷åí àíàëîã òåîðåìû Áîðà äëÿ îáîáù¼ííûõ îïåðàòî-
ðîâ ×åçàðî.
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Bohr type inequalities and estimates of the coefficients of
bounded analytic functions

In this work we prove a generalization of the classical Bohr theorem.
As an application, we obtain a counterpart of the Bohr theorem for the
generalized Cesàro operator.

Keywords: Bohr inequality, Bohr radius, convolution, Gaussian hyperge-
ometric functions, generalized Cesàro operators

×åðåç B îáîçíà÷èì êëàññ àíàëèòè÷åñêèõ îòîáðàæåíèé f(z) =∑∞
n=0 anz

n, çàäàííûõ â åäèíè÷íîì êðóãå D = {z ∈ C : |z| < 1} è òàêèõ,
÷òî |f(z)| ≤ 1 â D.

Ñîãëàñíî òåîðåìå Áîðà [1], äëÿ ôóíêöèé f ∈ B íåðàâåíñòâî

∞∑
n=0

|an|rn ≤ 1

âûïîëíÿåòñÿ ïðè r ≤ 1
3 . Êîíñòàíòà

1
3 íàçûâàåòñÿ ðàäèóñîì Áîðà. Õîðîøî

èçâåñòíî, ÷òî îíà íå ìîæåò áûòü óëó÷øåíà.
Ïóñòü {φk(r)}∞k=0 � ïîñëåäîâàòåëüíîñòü òàêèõ íåîòðèöàòåëüíûõ íåïðå-

ðûâíûõ ôóíêöèé â [0, 1), ÷òî ðÿä
∑∞

k=0 φk(r) ñõîäèòñÿ ëîêàëüíî ðàâíîìåðíî
îòíîñèòåëüíî r ∈ [0, 1).

Ñëåäóþùàÿ òåîðåìà � åñòåñòâåííîå îáîáùåíèå ðåçóëüòàòà Áîðà.

Òåîðåìà 1. Ïóñòü f ∈ B, f(z) =
∑∞

k=0 akz
k è p ∈ (0, 2].

Åñëè φ0(r) >
2
p

∑∞
k=1 φk(r), òî âûïîëíÿåòñÿ ñëåäóþùåå íåðàâåíñòâî:

Bf (φ, p, r) := |a0|pφ0(r) +

∞∑
k=1

|ak|φk(r) ≤ φ0(r) äëÿ âñåõ r ≤ R,
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ãäå R � ìèíèìàëüíûé ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ

φ0(x) =
2

p

∞∑
k=1

φk(x).

Â ñëó÷àå, åñëè φ0(x) < (2/p)
∑∞

k=1 φk(x) íà íåêîòîðîì èíòåðâàëå
(R,R+ ε), ÷èñëî R íå ìîæåò áûòü óëó÷øåíî.

Åñëè φk(x) (k ≥ 0) � ãëàäêèå ôóíêöèè, òî ïîñëåäíåå óñëîâèå ýêâèâà-
ëåíòíî íåðàâåíñòâó

φ′
0(R) <

2

p

∞∑
k=1

φ′
k(R).

Îïåðàòîð ×åçàðî ïîðÿäêà α äëÿ àíàëèòè÷åñêîé â D ôóíêöèè f(z) =∑∞
k=0 akz

k îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì (ñì. [2]):

Cαf(z) =

∞∑
n=0

(
1

Aα+1
n

n∑
k=0

Aα
n−kak

)
zn.

Àíàëîãîì òåîðåìû Áîðà äëÿ îïåðàòîðà ×åçàðî ïîðÿäêà α ÿâëÿåòñÿ ñëå-
äóþùèé ðåçóëüòàò.

Òåîðåìà 2. Ïóñòü f(z) =
∑∞

k=0 akz
k ∈ B and α > −1. Òîãäà

Cα
f (r) ≤ (α+ 1)

∞∑
n=0

rn

n+ α+ 1
=
α+ 1

rα+1

∫ r

0

tα

1− t
dt äëÿ r ≤ R,

ãäå R = R(α) � ìèíèìàëüíûé ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ

3(1 + α)

∞∑
n=0

xn

n+ α+ 1
=

2

1− x
, ò.å.,

∞∑
n=0

α+ 1− 2n

n+ α+ 1
xn = 0.

×èñëî R íåëüçÿ çàìåíèòü íà á�îëüøóþ êîíñòàíòó.

Â ðàáîòå òàêæå ïðèâåäåíû îöåíêè, âåðíûå äëÿ r ∈ [0, 1), è ïðåäñòàâëÿ-
þùèå ðåçóëüòàòû, àíàëîãè÷íûå òåì, ÷òî áûëè ïîëó÷åíû â ñòàòüå [3]. Äëÿ
íàãëÿäíîñòè ïðîèçâåäåíû ðàñ÷¼òû äëÿ ñëó÷àÿ α = 1 è íàéäåí ïðèìåð, ïîêà-
çûâàþùèé, íàñêîëüêî òî÷íà ïîëó÷åííàÿ îöåíêà. Ïðè ïîñòðîåíèè ïðèìåðà
áûë èñïîëüçîâàí ìåòîä ðåøåíèÿ, ïðèâåä¼ííûé â ðàáîòå [4].
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Mathematical modeling of oscillations of a wind power plant

The work is devoted to the study of a dynamic model of oscillations of a
wind power plant, which is described by a fast-slow system. The dynam-
ics of the model is investigated on the basis of the method of invariant
manifolds.

Keywords: mathematical modeling, fast-slow dynamical system, wind
power plant, method of invariant manifolds

Âàæíåéøèé ðåñóðñ ñîâðåìåííîãî ìèðà � ýíåðãèÿ. Èç�çà òîãî, ÷òî ýêîëî-
ãè÷åñêèå ïðîáëåìû ñòàíîâÿòñÿ âñå áîëåå îñòðûìè, âî âñåì ìèðå èäåò àêòèâ-
íîå ðàçâèòèå àëüòåðíàòèâíîé ýíåðãåòèêè, â ÷àñòíîñòè âåòðîýíåðãåòèêè. Â
ñâÿçè ñ ýòèì àêòóàëüíîé íàó÷íî�òåõíè÷åñêîé çàäà÷åé ÿâëÿåòñÿ ýôôåêòèâ-
íîå èñïîëüçîâàíèå âåòðîâîãî ïîòåíöèàëà, êîòîðàÿ çàêëþ÷àåòñÿ íå òîëüêî â
óëó÷øåíèè àýðîäèíàìè÷åñêèõ õàðàêòåðèñòèê âåòðîýíåðãåòè÷åñêèõ óñòàíî-
âîê (ÂÝÓ), â óâåëè÷åíèè ïðîèçâîäèòåëüíîñòè, íî è â îïòèìèçàöèè ïðîöåññà
óïðàâëåíèÿ ðàñïðåäåëåíèÿ ýíåðãåòè÷åñêèõ ìîùíîñòåé.

Â äàííîé ðàáîòå ïðîâîäèòñÿ ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå êîëåáàíèé
ÂÝÓ.

Èñõîäíàÿ ìîäåëü ïðåäñòàâëÿåò ñîáîé äèôôåðåíöèàëüíóþ ñèñòåìó ñ äâó-
ìÿ áûñòðûìè è îäíèì ìåäëåííûì óðàâíåíèÿìè:

JΩ̇ = −kI +M(Ω),

Lİ = kΩ− (R+ r)I,

Ṙ = εF (Ω, I, R),

(1)

ãäå J � ìîìåíò èíåðöèè, L � èíäóêòèâíîñòü, I � òîê, Ω � óãëîâàÿ ñêî-
ðîñòü, R � âíåøíåå ñîïðîòèâëåíèå,M � ìîìåíò àýðîäèíàìè÷åñêèõ ñèë, ïà-
ðàìåòð k îïðåäåëÿåòñÿ çàäàííûì ìàãíèòíûì ïîëåì, r õàðàêòåðèçóåò ìàëîå
âíóòðåííåå ñîïðîòèâëåíèå. Çäåñü òî÷êà îçíà÷àåò ïðîèçâîäíóþ ïî âðåìåíè t,
ε � ìàëûé ïîëîæèòåëüíûé ïàðàìåòð. Ôóíêöèÿ M(Ω) çàäàåòñÿ ãðàôèêîì,
ïðåäñòàâëåííûì íà ðèñóíêå 1, ïîëó÷åííîì íà îñíîâå ýêñïåðèìåíòàëüíûõ
äàííûõ.
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Ðèñ. 2: Ãðàôèê ôóíêöèè M(Ω)

Ìåòîäàìè êà÷åñòâåííîãî èññëåäîâàíèÿ, â îñíîâå êîòîðûõ ëåæèò ãåîìåò-
ðè÷åñêàÿ òåîðèÿ èíâàðèàíòíûõ ìíîãîîáðàçèé, èçó÷åíà äèíàìèêà ðåøåíèé
áûñòðî�ìåäëåííîé ñèñòåìû (1). Ðåçóëüòàòû ÷èñëåííîãî èññëåäîâàíèÿ ïîä-
òâåðäèëè ïîëó÷åííûå âûâîäû.
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The multiparametric Williams expansion as one of the effective
methods of fracture mechanics

The work is devoted to the application of the M. Williams expansion in
fracture mechanics.

Keywords: Williams expansion, fracture mechanics

Ïðåäëîæåííîå Ì. Óèëüÿìñîì îïèñàíèå ïîëÿ íàïðÿæåíèé â îêðåñòíîñòè
âåðøèíû òðåùèíû ïîñðåäñòâîì àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ÿâëÿåòñÿ îä-
íèì èç øèðîêî èñïîëüçóåìûõ ìåòîäîâ ðåøåíèÿ çàäà÷ ìåõàíèêè ðàçðóøå-
íèÿ. Ì. Óèëüÿìñ èñïîëüçîâàë ôóíêöèþ íàïðÿæåíèé, ïðåäñòàâëåííóþ â âè-
äå ðàçëîæåíèÿ â ðÿä ïî ñîáñòâåííûì ôóíêöèÿì χ(r, θ) =

∑
i fi(θ)r

λi , ãäå
fi(θ) è λi � ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ ñîîòâåòñòâåí-
íî, à r, θ � ïîëÿðíûå êîîðäèíàòû. Â ýòîì ñëó÷àå êîìïîíåíòû íàïðÿæåíèé
èìåþò ñëåäóþùèé âèä

σij(r, θ) =

2∑
m=1

∞∑
k=−∞

a
(m)
k f

(m)
k,ij (θ)r

k
2−1, (1)

ãäå èíäåêñm â êðóãëûõ ñêîáêàõ îòâå÷àåò òèïó íàãðóæåíèÿ ôóíêöèè (m = 1

ñîîòâåòñòâóåò íîðìàëüíîìó îòðûâó, m = 2 ïîïåðå÷íîìó ñäâèãó), f
(m)
k,ij (θ)

ÿâëÿþòñÿ óíèâåðñàëüíûìè óãëîâûìè ôóíêöèÿìè, à àìïëèòóäíûå êîýôôè-

öèåíòû a
(m)
k ó÷èòûâàþò ìíîæåñòâî êðàåâûõ çàäà÷ ìåõàíèêè ðàçðóøåíèÿ

(ãåîìåòðèþ îáðàçöà è ñèñòåìó íàãðóçîê).
Ïåðâûå äâà ñëàãàåìûõ äëÿ ðÿäà Óèëüÿìñà (1) äîñòàòî÷íî ïðîñòî îïðå-

äåëÿþòñÿ è ñóùåñòâóåò áîëüøîå êîëè÷åñòâî àíàëèòè÷åñêèõ ðåøåíèé, ïîëó-
÷åííûõ ïîñðåäñòâîì ðàçëîæåíèÿ Óèëüÿìñà äëÿ ðàçëè÷íûõ îáðàçöîâ ñ òðå-
ùèíàìè. Îäíàêî â ðÿäå ýêñïåðèìåíòàëüíûõ è òåîðåòè÷åñêèõ ðàáîò [1-3], ïî-
êàçàíà íåîáõîäèìîñòü ó÷åòà áîëüøåãî ÷èñëà ñëàãàåìûõ, ÷òî â äåéñòâèòåëü-

íîñòè ÿâëÿåòñÿ òðóäíîé çàäà÷åé. Ìàñøòàáíûå ìíîæèòåëè a
(m)
k ìîãóò áûòü

îïðåäåëåíû ðàçíûìè ñïîñîáàìè: 1) ýêñïåðèìåíòàëüíî; 2) òåîðåòè÷åñêè; 3)
÷èñëåííî ñ ïîìîùüþ ìåòîäà êîíå÷íîãî ýëåìåíòà. Èñïîëüçîâàíèå ìåòîäà ôî-
òîóïðóãîñòè ïðèâîäèò ê ñèñòåìå íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé,
ðåøåíèå êîòîðîé â ñëó÷àå áîëüøîãî êîëè÷åñòâà óäåðæèâàåìûõ ñëàãàåìûõ
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â àñèìïòîòè÷åñêîì ðàçëîæåíèè Ì. Óèëüÿìñà íàòàëêèâàåòñÿ íà ñóùåñòâåí-
íûå ìàòåìàòè÷åñêèå òðóäíîñòè. Ïîýòîìó íåîáõîäèìûì ïðåäâàðèòåëüíûì
øàãîì ÿâëÿåòñÿ îöåíêà ÷èñëà ÷ëåíîâ ðÿäà, êîòîðóþ ìîæíî ïðîâåñòè íà
îñíîâå àíàëèçà ðàçëè÷íûõ êîíôèãóðàöèé ïëàñòèí ñ òðåùèíàìè [3].
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ÝÊÑÏÅÐÈÌÅÍÒÀËÜÍÎÅ È ÊÎÍÅ×ÍÎ-ÝËÅÌÅÍÒÍÎÅ
ÎÏÐÅÄÅËÅÍÈÅ ÏÀÐÀÌÅÒÐÎÂ ÌÅÕÀÍÈÊÈ

ÐÀÇÐÓØÅÍÈß ÏÐÈ ÈÑÏÎËÜÇÎÂÀÍÈÈ ÌÅÒÎÄÀ
ÔÎÒÎÓÏÐÓÃÎÑÒÈ

À.Â. Ìèðîíîâ

mironov.sanyok2015@yandex.ru

ÓÄÊ 517.518

Ïðèìåíåíèå ìåòîäà ôîòîóïðóãîñòè äëÿ âû÷èñëåíèÿ ðÿäà ðàñ÷åòîâ,
÷òîáû èìåòü õîðîøèå, íàèáîëåå óäîâëåòâîðÿþùèå íàñ äàííûå ïî
ýêñïåðèìåíòàëüíîìó îïðåäåëåíèþ ïàðàìåòðîâ ìåõàíèêè ðàçðóøå-
íèÿ. Èñïîëüçîâàíèå âû÷èñëåíèé, êîòîðûå áûëè ïðîâåäåíû â Simulia
Abaqus äëÿ ñðàâíåíèÿ ñ ðåçóëüòàòàìè ýêñïåðèìåíòà.

Êëþ÷åâûå ñëîâà: ìåòîä ôîòîóïðóãîñòè, ìåõàíèêà ðàçðóøåíèÿ, êîýô-
ôèöèåíòû èíòåíñèâíîñòè íàïðÿæåíèÿ

Experimental and finite element determination of fracture
mechanics parameters using the photoelasticity method

Application of the photoelasticity method for calculating a number of cal-
culations in order to have good, most satisfying data for the experimental
determination of the parameters of fracture mechanics. Using calculations
that were carried out in Simulia Abaqus for comparison with experimental
results.

Keywords: photoelasticity method, fracture mechanics, stress intensity
factors

Â äàííîé ðàáîòå áûëè ïîëó÷åíû êîýôôèöèåíòû ìíîãîïàðàìåòðè÷å-
ñêîãî ðàçëîæåíèÿ ðÿäà Óèëüÿìñà äëÿ ïîëÿ íàïðÿæåíèé â îêðåñòíîñòè
òðåùèí ïðÿìîóãîëüíîé ïëàñòèíû ñ äâóìÿ ãîðèçîíòàëüíûìè íàäðåçàìè ñ
èñïîëüçîâàíèåì ìåòîäà êîíå÷íî-ýëåìåíòíîãî àíàëèçà.Îäíèì èç îñíîâíûõ
ïîëÿðèçàöèîííî-îïòè÷åñêèõ ìåòîäîâ, êîòîðûé ÷àñòî ïðèìåíÿþòñÿ äëÿ èçó-
÷åíèÿ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ îáðàçöà ÿâëÿåòñÿ ìåòîä
ôîòîóïðóãîñòè.Áûëè ïðîâåäåíû ðàñ÷åòû ýêñïåðèìåíòàëüíîãî îïðåäåëåíèÿ
ïàðàìåòðîâ ìåõàíèêè ðàçðóøåíèÿ ñ ïîìîùüþ ìåòîäà ôîòîóïðóãîñòè. ×èñ-
ëåííûé ýêñïåðèìåíò âîçìîæåí ïðè èñïîëüçîâàíèè êîíå÷íî-ýëåìåíòíîãî
ðàñ÷åòà ñ ïåðåîïðåäåëåííûì ìåòîäîì. Äëÿ èññëåäóåìîãî îáðàçöà áûë âû-
ïîëíåí ðÿä ýêñïåðèìåíòîâ èñïîëüçóÿ ïàêåò Simulia Abaqus. Âûïîëíÿëîñü
ìîäåëèðîâàíèå òðåùèíû ñ ïîìîùüþ ìåòîäà êîíòóðíîãî èíòåãðàëà. Ïðè
ñðàâíåíèè ðàñøèðåííîãî ìåòîäà êîíå÷íîãî ýëåìåíòà ñ ìåòîäîì êîíòóðíîãî
èíòåãðàëà , î÷åâèäíî , ÷òî ìåòîä êîíòóðíîãî èíòåãðàëà ñëîæíåå. Â òî æå
âðåìÿ ìåòîä êîíòóðíîãî èíòåãðàëà äàåò âîçìîæíîñòü âûâåñòè êîìïîíåíò
òåíçîðà íàïðÿæåíèé , ïîëÿìè ïåðåìåùåíèé è äåôîðìàöèé, Ò-íàïðÿæåíèé
è êîýôôèöèåíò èíòåíñèâíîñòè íàïðÿæåíèé.Â Simulia Abaqus ìîäåëèðóåò-
ñÿ ïóòü â âèäå îêðóæíîñòè ïî òî÷êàì. Â âåðøèíå òðåùèíû çàäàåòñÿ íà-
÷àëî êîîðäèíàò. Äëÿ áîëüøîãî êîëè÷åñòâà òî÷åê, êîòîðûå ðàâíîóäàëåííû
îò âåðøèíû òðåùèíû áûëè âûâåäåíû çíà÷åíèÿ òðåõ êîìïîíåíò òåíçîðà
íàïðÿæåíèé ñ ïîìîùüþ êîíå÷íî-ýëåìåíòíîãî àíàëèçà.Ñèñòåìà óðàâíåíèé,
êîòîðóþ ìû ïîëó÷àåì, ÿâëÿåòñÿ ïåðåîïðåäåëåííîé. Äëÿ ïîëó÷åíèÿ áîëåå
êà÷åñòâåííûõ ðåçóëüòàòîâ óðàâíåíèé â ñèñòåìå ìíîãî áîëüøå èçâåñòíûõ,

Ìèðîíîâ Àëåêñàíäð Âëàäèìèðîâè÷, àñïèðàíò 1-ãî ãîäà, Ñàìàðñêèé óíèâåðñèòåò (Ñà-
ìàðà, Ðîññèÿ); Mironov Aleksandr (Samara University, Samara, Russia)
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÷åì íåèçâåñòíûõ. Íàäî ïðèìåíÿòü òî÷êè, ðàñïîëàãàþùèåñÿ íà ðàçëè÷íîì
ðàññòîÿíèè îò âåðøèíû òðåùèíû, èñïîëüçóÿ äàííûå íåñêîëüêèõ êîíöåíòðè-
÷åñêèõ îêðóæíîñòåé. Àëãîðèòì áûë âûïîëíåí ñ ïîìîùüþ ïàêåòà Maple. Ïî-
êàçàíî ñðàâíåíèå ðåçóëüòàòîâ êîýôôèöèåíòîâ èíòåíñèâíîñòè íàïðÿæåíèé
è Ò-íàïðÿæåíèé â ïðîãðàììíîì êîìïëåêñå Simulia Abaqus c ðåçóëüòàòàìè
ïðîâåäåííîãî ýêñïåðèìåíòà , ïîêàçàíî ïîñòðîåíèå 2D ìîäåëè â äëÿ ïîëó÷å-
íèÿ êîýôôèöèåíòîâ èíòåíñèâíîñòè íàïðÿæåíèé è Ò-íàïðÿæåíèé. Êîýôôè-
öèåíòû ðàçëîæåíèÿ ðÿäà Óèëüÿìñà èìåþò õîðîøóþ òî÷íîñòü.
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ÒÅÎÐÅÌÀ ÒÈÏÀ ÏÝÉËÈ-ÂÈÍÅÐÀ-ØÂÀÐÖÀ
ÄËß ÎÄÍÎÃÎ ÊËÀÑÑÀ ÓËÜÒÐÀÐÀÑÏÐÅÄÅËÅÍÈÉ

È.Õ. Ìóñèí

musin_ildar@mail.ru

ÓÄÊ 517.5

Â òåðìèíàõ ïðåîáðàçîâàíèÿ Ôóðüå-Ëàïëàñà ôóíêöèîíàëîâ ïîëó÷åíî
îïèñàíèå íîâîãî êëàññà óëüòðàðàñïðåäåëåíèé ñ íîñèòåëåì â çàìêíó-
òîì íåîãðàíè÷åííîì âûïóêëîì ìíîæåñòâå ìíîãîìåðíîãî âåùåñòâåí-
íîãî ïðîñòðàíñòâà.

Êëþ÷åâûå ñëîâà: óëüòðàäèôôåðåíöèðóåìûå ôóíêöèè, äóàëüíîå ïðî-
ñòðàíñòâî, ïðåîáðàçîâàíèå Ôóðüå-Ëàïëàñà ôóíêöèîíàëîâ, ãîëîìîðô-
íûå ôóíêöèè, ïðåîáðàçîâàíèå Þíãà-Ôåíõåëÿ

Paley-Wiener-Schwartz type theorem
for a class of ultradistributions

A new class of ultradistributions with their support on an unbounded
closed convex set of multidimensional real space is described in terms of
the Fourier-Laplace transformation of functionals.

Keywords: ultradifferentiable functions, dual space, Fourier-Laplace trans-
formation of functionals, holomorphic functions, Young-Fenchel transform

Ïóñòü C � îòêðûòûé âûïóêëûé îñòðûé êîíóñ â Rn ñ âåðøèíîé â íà÷àëå,
b � âûïóêëàÿ íåïðåðûâíàÿ ïîçèòèâíî îäíîðîäíàÿ ñòåïåíè 1 ôóíêöèÿ íà C.
Ïàðà (b, C) îïðåäåëÿåò çàìêíóòîå âûïóêëîå íåîãðàíè÷åííîå ìíîæåñòâî

U = {ξ ∈ Rn : −⟨ξ, y⟩ ≤ b(y), ∀y ∈ C}.

Âíóòðåííîñòü U íåïóñòà è ñîâïàäàåò ñ ìíîæåñòâîì

V = {ξ ∈ Rn : −⟨ξ, y⟩ < b(y), ∀y ∈ C}

à çàìûêàíèå V åñòü ìíîæåñòâî U .
ÏóñòüH = {hm}∞m=1 � ñåìåéñòâî âûïóêëûõ ôóíêöèé hm : Rn → R òàêèõ,

÷òî äëÿ ëþáîãî m ∈ N:
i1). hm(x) = hm(|x1|, . . . , |xn|), x = (x1, . . . , xn) ∈ Rn;
i2). ñóæåíèå hm íà [0,∞)n íå óáûâàåò ïî êàæäîé ïåðåìåííîé;

i3). lim
x→∞

hm(x)

∥x∥
= +∞;

i4). ñóùåñòâóþò ÷èñëà γm > 0 è δm > 0, ïðè÷¼ì
∞∑

m=1
δm = ∞, òàêèå, ÷òî

hm(x)− hm+1(x) ≥ δm ·
n∑

j=1

xj − γm, x = (x1, . . . , xn) ∈ [0,∞)n;

i5). sup
α∈Zn

+

(hm+1(α+ β)− hm(α)) <∞ äëÿ ëþáîãî β ∈ Zn
+ ñ |β| = 1;

i6). êàêîâî áû íè áûëî k ∈ N ñóùåñòâóåò ÷èñëî l = l(m, k) ∈ N òàêîå, ÷òî∑
α∈Zn

+

exp(hm+l(α+ kβ)− hm(α)) <∞,

Ìóñèí Èëüäàð Õàìèòîâè÷, ä.ô.-ì.í., Èíñòèòóò ìàòåìàòèêè ñ âû÷èñëèòåëüíûì öåí-
òðîì ÓÔÈÖ ÐÀÍ (Óôà, Ðîññèÿ); Musin Ildar (Institute of Mathematics with Computer
Centre of Ufa Scienti�c Centre of Russian Academy of Sciences, Ufa, Russia)
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ãäå β = (1, . . . , 1) ∈ Zn
+.

∀m ∈ N îïðåäåëèì ïðîñòðàíñòâî Em(U) C∞(U)-ôóíêöèé f , äëÿ êîòîðûõ

pm(f) = sup
x∈V,α∈Zn

+

|(Dαf)(x)|(1 + ∥x∥)m

ehm(α)
<∞.

Ïóñòü EH(U) =

∞⋂
m=1

Em(U). Íàäåëèì EH(U) òîïîëîãèåé ïðîåêòèâíîãî ïðå-

äåëà ïðîñòðàíñòâ Em(U).
Ïðåîáðàçîâàíèå Þíãà-Ôåíõåëÿ ôóíêöèè g : Rn → [−∞,+∞] åñòü ôóíê-

öèÿ g∗ : Rn → [−∞,+∞], îïðåäåëÿåìàÿ ïî ïðàâèëó

g∗(x) = sup
y∈Rn

(⟨x, y⟩ − g(y)), x ∈ Rn.

Äëÿ êàæäîãî m ∈ N îïðåäåëèì ôóíêöèþ

φm(z) = h∗m(ln+ |z1|, . . . , ln+ |zn|), z = (z1, . . . , zn) ∈ Cn.

Ïóñòü Ab,H(TC) èíäóêòèâíûé ïðåäåë ïðîñòðàíñòâ

Ab,m(TC) =

{
f ∈ A(TC) : ∥f∥m = sup

z∈TC

|f(z)|
eb(Imz)+φm(z)(1 + 1

d(z) )
m
<∞

}
.

Çäåñü A(TC) � ïðîñòðàíñòâî ãîëîìîðôíûõ ôóíêöèé â òðóá÷àòîé îáëàñòè
TC = Rn + iC, d(z) � ðàññòîÿíèå îò òî÷êè z ∈ TC äî ãðàíèöû TC .

Ïðåîáðàçîâàíèå Ôóðüå-Ëàïëàñà ôóíêöèîíàëà Φ íà EH(U) åñòü ôóíêöèÿ
Φ̂(z) = Φ(ei⟨ξ,z⟩), z ∈ TC .

×åðåç E∗
H(U) îáîçíà÷èì ñèëüíîå ñîïðÿæåííîå äëÿ ïðîñòðàíñòâà EH(U).

Òåîðåìà 1. Îòîáðàæåíèå L : Φ ∈ E∗
H(U) → Φ̂ óñòàíàâëèâàåò èçîìîð-

ôèçì ìåæäó E∗
H(U) è Ab,H(TC).
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ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÌÎÄÅËÜ ÂÛÒÅÑÍÅÍÈß
ÒÅÏËÎÍÎÑÈÒÅËß ÈÇ ÏÎÄÇÅÌÍÛÕ ÏÎÐÈÑÒÛÕ

ÐÅÇÅÐÂÓÀÐÎÂ
Ë.À. Íàñûðîâà

NasyrovaL@yandex.ru

ÓÄÊ 517.518

Íà îñíîâå çàêîíîâ ñîõðàíåíèÿ ïîëó÷åíà è ÷èñëåííî ðåàëèçîâàíà ìî-
äåëü íàãíåòàíèÿ õîëîäíîé æèäêîñòè â ïîðèñòóþ ñðåäó, çàïîëíåííóþ
â èñõîäíîì ñîñòîÿíèè ãîðÿ÷èì ïàðîì (âîäîé), êîòîðàÿ ïîçâîëÿåò ðàñ-
ñìîòðåòü ãèäðîäèíàìè÷åñêèå è òåïëîôèçè÷åñêèå ïðîöåññû, ïðîòåêà-
þùèå â ïîðèñòîé ñðåäå ïðè âûòåñíåíèè òåïëîíîñèòåëÿ.

Êëþ÷åâûå ñëîâà: ôèëüòðàöèÿ, ïåðåãðåòûé ïàð, âîäà, òåïëîïåðåíîñ,
ôàçîâûå ïîâåðõíîñòè

Mathematical model of displacement of the coolant from
underground porous reservoirs

On the basis of conservation laws a model of cold liquid injection into a
porous medium filled with hot vapor (liquid) in the initial state is obtained
and numerically realized, which allows one to consider hydrodynamic and
thermophysical processes occurring in a porous medium when displacing
the coolant.

Keywords: filtration, superheated vapor, liquid, heat transfer, phase sur-
faces

Ïðîáëåìà äîáû÷è îãðîìíûõ çàïàñîâ ýêîëîãè÷åñêè ÷èñòîãî ñûðüÿ (ãî-
ðÿ÷àÿ âîäà, ïàð), àêêóìóëèðîâàííîãî â ïîäçåìíûõ ðàçîãðåòûõ ïîðèñòûõ
ãåîòåðìàëüíûõ ðåçåðâóàðàõ, ïðèâåëà ê íåîáõîäèìîñòè ñîçäàíèÿ íàäåæíûõ
ñõåì ðàñ÷åòîâ, ïîçâîëÿþùèõ îöåíèâàòü òåïëîôèçè÷åñêèå ïðîöåññû ïðè èç-
âëå÷åíèè ýòîãî ñûðüÿ.

Ðàññìàòðèâàåìàÿ ìîäåëü ïðåäïîëàãàåò, ÷òî äëÿ íàèáîëåå ïîëíîãî èçâëå-
÷åíèÿ òåïëîíîñèòåëÿ èç ïîäçåìíîãî âûñîêîòåìïåðàòóðíîãî ðåçåðâóàðà ñî-
çäàåòñÿ èñêóññòâåííàÿ öèðêóëÿöèîííàÿ ñèñòåìà ïîñðåäñòâîì çàêà÷êè âîäû
â íàãðåòûå ïðîíèöàåìûå ïîðîäû, âñëåäñòâèå ÷åãî ïðîèñõîäèò âûòåñíåíèå
òåïëîíîñèòåëÿ (ãîðÿ÷àÿ âîäà, ïàð) ê äîáûâàþùèì ñêâàæèíàì.

Äëÿ îïèñàíèÿ ïðîöåññîâ ôèëüòðàöèè è òåïëîìàññîïåðåíîñà ïðè çàêà÷êå
âîäû â ïîðèñòóþ ñðåäó èñïîëüçóþòñÿ óðàâíåíèÿ ñîõðàíåíèÿ ìàññ äëÿ âîäû
è ïàðà, çàêîí Äàðñè, óðàâíåíèå áàëàíñà òåïëà (â ñòàíäàðòíûõ îáîçíà÷åíèÿõ
[1]):

∂(mρi)

∂t
+ r−n ∂

∂r
(rnmρiVi) = 0, (1)

mVi = − k

µi

∂p

∂r
, (2)

ρc
∂T

∂t
+mρiciVi

∂T

∂r
= r−n ∂

∂r
(rnλ

∂T

∂r
), (3)

ãäå i = l, ν (îáîçíà÷åíèå l îòíîñèòñÿ ê âîäå, îáîçíà÷åíèå ν � ê ïàðó).

Íàñûðîâà Ëÿëÿ Àõìåòîâíà, ê.ô.-ì.í., äîöåíò, Óôèìñêèé ãîñóäàðñòâåííûé àâèàöè-
îííûé òåõíè÷åñêèé óíèâåðñèòåò (Óôà, Ðîññèÿ); Nasyrova Lyalya (Ufa State Aviation
Technical University, Ufa, Russia)
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Äëÿ ïàðà ïðèìåì óðàâíåíèå Êëàéïåðîíà-Ìåíäåëååâà

ρν =
p

RνT
, ρl = ρl0, (4)

ãäå ρi (i = s, l, ν) � ïëîòíîñòè ôàç, p è T � äàâëåíèå è òåìïåðàòóðà, m �
ïîðèñòîñòü, Rν � ãàçîâàÿ ïîñòîÿííàÿ, íèæíèé èíäåêñ 0 ñîîòâåòñòâóåò çíà-
÷åíèÿì ïàðàìåòðîâ äëÿ íà÷àëüíîãî íåâîçìóùåííîãî ñîñòîÿíèÿ.

Ïîñòàíîâêà çàäà÷è ïðåäïîëàãàåò, ÷òî ïðè çàêà÷êå âîäû â ãîðÿ÷èé ïëàñò
ôàçîâûå ïåðåõîäû ïîëíîñòüþ ïðîèñõîäÿò íà ôðîíòàëüíîé ïîâåðõíîñòè,
ðàçäåëÿþùåé îáëàñòè íàñûùåíèÿ âîäîé è ïàðîì. Íà ýòîé ïîâåðõíîñòè
r = r(s) âûïîëíÿþòñÿ ñîîòíîøåíèÿ, ñëåäóþùèå èç çàêîíîâ ñîõðàíåíèÿ

mρl(Vl − ṙ(s)) = mρν(Vν − ṙ(s)), (5)[
λ
∂T

∂r

]
= mρll(Vν − ṙ(s)), (6)

ãäå ṙ(s) =
dr(s)
dt , l � óäåëüíàÿ òåïëîòà ôàçîâîãî ïåðåõîäà, êâàäðàòíûå ñêîáêè

âûðàæàþò ñêà÷îê λ∂T
∂r íà ïîâåðõíîñòè ôàçîâîãî ïåðåõîäà, à íèæíèé èíäåêñ

(s) � çíà÷åíèÿ ïàðàìåòðîâ íà ýòîé ãðàíèöå.
Ïîñëå ïðåîáðàçîâàíèé óðàâíåíèé (1) - (6) ñ ó÷åòîì çàäàííûõ íà÷àëüíûõ

è ãðàíè÷íûõ óñëîâèé ïîëó÷åíû ñèñòåìû óðàâíåíèé îòíîñèòåëüíî òåìïåðà-
òóðû è äàâëåíèÿ â çîíàõ ôèëüòðàöèè âîäû è ïàðà, à òàêæå íà ôðîíòå
ôàçîâîãî ïåðåõîäà. Êðàåâàÿ çàäà÷à ðåøåíà ÷èñëåííî, ÷òî ïîçâîëèëî ïî-
ëó÷èòü ðåøåíèÿ äëÿ ðàñïðåäåëåíèÿ òåìïåðàòóð è äàâëåíèé â îáåèõ çîíàõ
ôèëüòðàöèè.

Ïîëó÷åííûå êðèòåðèè, ïîçâîëÿþùèå â çàâèñèìîñòè îò âûáðàííûõ íà-
÷àëüíûõ è ïëàñòîâûõ óñëîâèé îïðåäåëèòü ðåæèì ôèëüòðàöèè, îáîáùàþò
ðåçóëüòàòû ðàáîòû [2]. Ïîêàçàíî, ÷òî äëÿ âûñîêîïðîíèöàåìûõ ñðåä îïðåäå-
ëÿþùóþ ðîëü èãðàåò êîíâåêòèâíûé ïåðåíîñ òåïëà (ïðîèñõîäèò èñïàðåíèå
íàãíåòàåìîé âîäû), à äëÿ íèçêîïðîíèöàåìîé ïîðèñòîé ñðåäû îïðåäåëÿþùåé
ÿâëÿåòñÿ òåïëîïðîâîäíîñòü (ïðîèñõîäèò êîíäåíñàöèÿ ïàðà).
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Ðàññìîòðåíà ñèñòåìà n âûðîæäàþùèõñÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé
òèïà óðàâíåíèÿ Áèöàäçå�Ëûêîâà. Èçâåñòíî âëèÿíèå ñïåêòðà ìàòðè-
öû êîýôôèöèåíòîâ ïðè ìëàäùåé ïðîèçâîäíîé íà êîððåêòíîñòü ïîñòà-
íîâîê çàäà÷è Êîøè�Ãóðñà: äëÿ ìàòðèöû ïðîñòîé ñòðóêòóðû, ñïåêòð
êîòîðîé ïðèíàäëåæèò îòðåçêó [−1, 1] â çàäà÷àõ Êîøè�Ãóðñà ñ äàí-
íûìè íà ëþáîé ãðàíè÷íîé õàðàêòåðèñòèêå îáëàñòè ñóùåñòâîâàíèÿ ðå-
øåíèÿ çàäà÷è Êîøè îòñóòñòâóåò åäèíñòâåííîñòü ðåøåíèÿ. Îáîñíîâàíà
êîððåêòíîñòü íåëîêàëüíîãî àíàëîãà çàäà÷è Êîøè�Ãóðñà ñ óñëîâèÿìè
òèïà Áèöàäçå�Ñàìàðñêîãî, â ñëó÷àå, êîãäà àëãåáðàè÷åñêàÿ êðàòíîñòü
ñîáñòâåííûõ çíà÷åíèé λi = ±1 íå ñîâïàäàåò ñ èõ ãåîìåòðè÷åñêîé êðàò-
íîñòüþ.

Êëþ÷åâûå ñëîâà: ñèñòåìû âûðîæäàþùèõñÿ ãèïåðáîëè÷åñêèõ óðàâíå-
íèé, óðàâíåíèå Áèöàäçå�Ëûêîâà, çàäà÷à Êîøè�Ãóðñà, íåëîêàëüíûå
êðàåâûå çàäà÷è, äðîáíîå èñ÷èñëåíèå, ñïåöèàëüíûå ôóíêöèè

Well-posedness of a nonlocal analogue of the Cauchy–Goursat
problem for the Bitsadze–Lykov system of equations

A system of n degenerate hyperbolic equations of the Bitsadze–Lykov type
equation is considered. The influence of the spectrum of the matrix coeffi-
cient with the lowest derivative on the correctness of the Cauchy–Goursat
problem is known: for a matrix with a simple structure and spectrum in
[−1, 1] the Cauchy–Goursat problem with data on any boundary charac-
teristic of the domain of existence of the solution to the Cauchy problem
is not unique. The correctness of the nonlocal analogue Cauchy–Goursat
problem with Bitsadze–Samarskiy type conditions is justified.

Keywords: systems of degenerate hyperbolic equations, equation of
Bitsadze–Lykov type, Cauchy–Goursat problem, nonlocal boundary value
problems, fractional calculus, special functions

Ðàññìîòðèì â îáëàñòè Ω =
{
(x, y) : 0 < x− y2

2 < x+ y2

2 < 1
}
ñèñòåìó

äèôôåðåíöèàëüíûõ óðàâíåíèé

y2uxx − uyy +Aux = 0, (1)

ãäå u(x, y) = (u1;u2; . . . ;un)
T � âåêòîð èñêîìûõ ôóíêöèé, A�ïîñòîÿííàÿ

÷èñëîâàÿ [n× n]-ìàòðèöà, ñïåêòð êîòîðîé Λ(A) = {λi}, i = 1, n, ñîñòîèò èç
÷èñåë λi = ±1, àëãåáðàè÷åñêàÿ êðàòíîñòü êîòîðûõ íå ñîâïàäàåò ñ ãåîìåò-
ðè÷åñêîé êðàòíîñòüþ.

Â ýòîì ñëó÷àå ìîæíî óêàçàòü íåâûðîæäåííîå ïðåîáðàçîâàíèå ñ ìàò-
ðèöåé T òàêîå, ÷òî â êàíîíè÷åñêîé ôîðìå ìàòðèöà Aλ = T−1AT áóäåò

Îãîðîäíèêîâ Åâãåíèé Íèêîëàåâè÷, ä.ô.-ì.í., äîöåíò, Ñàìàðñêèé ãîñóäàðñòâåííûé
òåõíè÷åñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ); Evgeniy Ogorodnikov (Samara State Technical
University, Samara, Russia)

Àðëàíîâà Åêàòåðèíà Þðüåâíà, ê.ô.-ì.í., äîöåíò, Ñàìàðñêèé ãîñóäàðñòâåííûé òåõ-
íè÷åñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ); Ekaterina Arlanova (Samara State Technical
University, Samara, Russia)
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ÿâëÿòüñÿ ìàòðèöåé Aλ = diag{Ek,−Em, J
(+)
s , J

(−)
n−s−m−k}, ãäå Ek = (δij)

(i, j = 1, k), Em = (δij) (i, j = k + 1, k +m), J
(+)
s , J

(−)
n−s−m−k �êëåòêè Æîð-

äàíà, îòâå÷àþùèå ñîáñòâåííûì çíà÷åíèÿì λi = 1 è λi = −1 ñîîòâåòñòâåííî.
Â ðÿäå ïóáëèêàöèé ñ ó÷àñòèåì àâòîðîâ íàñòîÿùåé ðàáîòû (ñì. áèáë.

ñïèñîê â [1,2]) ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (1) ñ èíâîëþòèâíîé
ìàòðèöåé A ïðèâîäèëàñü êàê ïðèìåð ñèñòåìû óðàâíåíèé, äëÿ êîòîðîé â çà-
äà÷àõ Êîøè�Ãóðñà ñ äàííûìè íà ëþáîé õàðàêòåðèñòèêå, îãðàíè÷èâàþùåé
îáëàñòü ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è Êîøè, îòñóòñòâóåò åäèíñòâåííîñòü
ðåøåíèÿ. Â ðàáîòå [3] áûëî ïîêàçàíî, ÷òî ïîòåðÿ åäèíñòâåííîñòè â çàäà÷àõ
Êîøè�Ãóðñà ñâÿçàíà íå ñ èíâîëþòèâíîñòüþ ìàòðè÷íîãî êîýôôèöèåíòà, à
ñ íàëè÷èåì â ñïåêòðå ìàòðèöû A ñîáñòâåííûõ çíà÷åíèé λ = ±1. Öåëü íà-
ñòîÿùåé ðàáîòû: âûäåëèòü òàêèå êëàññû íåëîêàëüíûõ êðàåâûõ óñëîâèé, êî-
òîðûå îáåñïå÷èâàþò âîññòàíîâëåíèå åäèíñòâåííîñòè ðåøåíèÿ ýòîé çàäà÷è â
ñëó÷àå óêàçàííîé âûøå ìàòðèöû A.

Õîðîøî èçâåñòíî [4], ÷òî äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé
(1) êîððåêòíà ïî Àäàìàðó çàäà÷à Êîøè â êëàññå ôóíêöèé u(x, y) ∈ C(Ω)∩
C1(Ω ∪ (0, 1)) ∩ C2(Ω) ñ íà÷àëüíûì óñëîâèåì u(x, 0) = τ(x) è

uy(x, 0) = ν(x), (2)

ãäå x ∈ [0, 1], à âåêòîð-ôóíêöèè τ(x), ν(x) ∈ C[0, 1] ∩ C2(0, 1).
Â óñëîâèÿõ îòñóòñòâèÿ åäèíñòâåííîñòè ðåøåíèÿ çàäà÷ Êîøè�Ãóðñà äî-

ñòàòî÷íî ñâÿçàòü ëþáóþ õàðàêòåðèñòèêó ñ íåèçâåñòíûì çíà÷åíèåì èñêîìîãî
âåêòîðà u(x, 0) ñ ïîìîùüþ íåëîêàëüíîãî óñëîâèÿ, íàïðèìåð, òàêîãî âèäà:

A(x)u[Θi(x)] = B(x)u(x, 0) +H(x)uy(x, 0) + c(x). (3)

ãäå Θ0(x) =
(
x
2 ,
√
x
)
, Θ1(x) =

(
1+x
2 ,

√
1− x

)
. Ðåøåíèå íåëîêàëüíîé êðàåâîé

çàäà÷è ñ óñëîâèåì (2) è óñëîâèåì (3) ïðè i = 0 èëè i = 1 íàéäåíî â ôîðìå
ðåøåíèÿ çàäà÷è Êîøè.

Â óñëîâèè (3) A(x), B(x), H(x)� ñïåöèàëüíûì îáðàçîì ïîäîáðàí-
íûå ñêàëÿðíûå ôóíêöèè, îïåðàòîðû äðîáíîãî èíòåãðî-äèôôåðåíöèðîâàíèÿ
èëè êîíñòàíòû, c(x)�èçâåñòíûé âåêòîð. Âî âñåõ ñëó÷àÿõ âåêòîð τ(x) =
u(x, 0) = Tv(x, 0) îäíîçíà÷íî îïðåäåëåí.
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Íàéäåíû àíàëèòè÷åñêèå ðåøåíèÿ çàäà÷è î ïîëçó÷åñòè ïðè ïîñòîÿííî
äåéñòâóþùåé íàãðóçêå äëÿ äðîáíûõ àíàëîãîâ ìàòåìàòè÷åñêèõ ìîäå-
ëåé âÿçêîóïðóãîãî òåëà ïîðÿäêà âûøå åäèíèöû. Èñïîëüçîâàí ìåòîä
ñòðóêòóðíîãî ìîäåëèðîâàíèÿ. Îïðåäåëÿþùèå ñîîòíîøåíèÿ íàéäåíû â
èíòåãðàëüíîé ôîðìå. Ðàññìîòðåííûå ìîäåëè ïðèìåíåíû ïðè àïïðîê-
ñèìàöèè ýêñïåðèìåíòàëüíûõ äàííûõ ïî ðàñòÿæåíèþ ïîëèâèíèëõëî-
ðèäíîãî ïëàñòèêàòà, ïðåäñòàâëåí ìåòîä èäåíòèôèêöèè ïàðàìåòðîâ.

Êëþ÷åâûå ñëîâà: âÿçêîóïðóãîñòü, äðîáíûå èíòåãðî-
äèôôåðåíöèàëüíûå óðàâíåíèÿ, ïàðàìåòðè÷åñêàÿ èäåíòèôèêàöèÿ

Mathematical models of a hereditarily elastic body whose
order is more than one

Analytical solutions are found for the problem of creep under constant
load for fractional mathematical models analogs of a viscoelastic body for
which the order is higher than unity. The method of structural modeling
was used. The constitutive relations are found in integral form. The
considered models are used to approximate the experimental data on the
stretching of PVC compound, and a method for the identifying parameters
is presented.

Keywords: viscoelasticity, fractional integro-differential equations, para-
metric identification

Â ðàáîòå [1], îòòàëêèâàÿñü îò ñòðóêòóðíûõ ìåõàíè÷åñêèõ ìîäåëåé âÿç-
êîóïðóãîãî òåëà è ãèïîòåçû Â.Âîëüòåððû î íàñëåäñòâåííîé óïðóãîñòè [2],
èçó÷åíû íåêîòîðûå ÷àñòíûå ñëó÷àè îäíîìåðíîé îáîáù¼ííîé äðîáíîé ðåîëî-
ãè÷åñêîé ìîäåëè [3]: ìîäåëü Ñêîòò Áëýðà, äðîáíûå àíàëîãè ìîäåëåé Ôîéõ-
òà, Ìàêñâåëëà, Êåëüâèíà è Çåíåðà. Óêàçàíî, ÷òî åñëè â îïðåäåëÿþùåì ñî-
îòíîøåíèè Â.Âîëüòåððû, ñâÿçûâàþùèì íàïðÿæåíèå è äåôîðìàöèþ òåëà,
ïðèñóòñòâóåò èíòåãðàëüíûé îïåðàòîð ñ àáåëåâûì ÿäðîì, òî âûøå ïåðå÷èñ-
ëåííûå ðåîëîãè÷åñêèå ìîäåëè áóäóò ñîäåðæàòü äðîáíûå ïðîèçâîäíûå Ðè-
ìàíà�Ëèóâèëëÿ íà îòðåçêå âðåìåííîé îñè. Äëÿ âîçíèêàþùèõ â çàäà÷àõ
ïîëçó÷åñòè äðîáíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé îêàçûâàåòñÿ êîððåêò-
íîé îäíîðîäíàÿ çàäà÷à Êîøè îòíîñèòåëüíî îïðåäåë¼ííûõ ëèíåéíûõ êîìáè-
íàöèé ôóíêöèé íàïðÿæåíèÿ è äåôîðìàöèè, ÷òî ïîçâîëèëî íàéòè è èññëå-
äîâàòü ÿâíûå ðåøåíèÿ çàäà÷è ïîëçó÷åñòè äëÿ âñåõ ïåðå÷èñëåííûõ ìîäåëåé.
Îíè èñïîëüçîâàëèñü äëÿ ðåøåíèÿ çàäà÷è ïàðàìåòðè÷åñêîé èäåíòèôèêàöèè
è àïïðîêñèìàöèè ðåçóëüòàòîâ ýêñïåðèìåíòàëüíûõ äàííûõ ïî ðàñòÿæåíèþ
ïîëèâèíèëõëîðèäíîãî ïëàñòèêàòà [4].

Îãîðîäíèêîâ Åâãåíèé Íèêîëàåâè÷, ê.ô.-ì.í., äîöåíò, Ñàìàðñêèé ãîñóäàðñòâåííûé
òåõíè÷åñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ); Evgeniy Ogorodnikov (Samara State Technical
University, Samara, Russia)

Óíãàðîâà Ëóèçà Ãàäèëüåâíà, ê.ô.-ì.í., àññèñòåíò, Ñàìàðñêèé ãîñóäàðñòâåííûé òåõíè-
÷åñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ); Ungarova Luiza (Samara State Technical University,
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Ðàññìîòðåíû íåêîòîðûå ñòðóêòóðíûå ìîäåëè âÿçêîóïðóãîãî äåôîðìè-
ðîâàíèÿ ìàòåðèàëîâ, ìàòåìàòè÷åñêèå ìîäåëè êîòîðûõ ñâîäèëèñü ê äðîá-
íûì äèôôåðåíöèàëüíûì óðàâíåíèÿì ïîðÿäêà áîëüøå åäèíèöû. Ïîÿâëåíèå
äîïîëíèòåëüíûõ ñâîáîäíûõ ïàðàìåòðîâ â ýòèõ ìîäåëÿõ ïîçâîëÿåò äîñòè÷ü
áîëåå òî÷íîé àïïðîêñèìàöèè. Áûëè óêàçàíû äâå òð¼õýëåìåíòíûå ìîäåëè.
Ïåðâàÿ ïðåäñòàâëÿåò ñîáîé ïîñëåäîâàòåëüíîå ñîåäèíåíèå äðîáíîãî àíàëîãà
ìîäåëè Ôîéõòà ñ ýëåìåíòîì Ñêîòò Áëýðà. Îïðåäåëÿþùåå ñîîòíîøåíèå äëÿ
ýòîé ìîäåëè â äèôôåðåíöèàëüíîé ôîðìå èìååò âèä

η1η2D
α1
0t D

α2
0t ε+ η2E1D

α2
0t ε = E1σ + (η1D

α1
0t + η2D

α2
0t )σ. (1)

Âòîðàÿ,� ñóòü ïàðàëëåëüíîå ñîåäèíåíèå äðîáíîãî àíàëîãà ìîäåëè Ìàêñ-
âåëëà ñ ýëåìåíòîì Ñêîòò Áëýðà. Îïðåäåëÿþùåå ñîîòíîøåíèå äëÿ ýòîé ìî-
äåëè çàïèñûâàåòñÿ â âèäå

η1η2D
α1
0t D

α2
0t ε+ E1(η1D

α1
0t + η2D

α2
0t )ε = E1σ + η1D

α1
0t σ. (2)

Â ðàâåíñòâàõ (1) è (2) ε = ε(t) � äåôîðìàöèÿ, σ = σ(t) � íàïðÿæåíèå;
E1, η1, η2 � íåêîòîðûå íåîòðèöàòåëüíûå ïîñòîÿííûå âåëè÷èíû; Dα

0t � îïå-
ðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ Ðèìàíà�Ëèóâèëëÿ ñ íà÷àëîì â íóëå,
α1, α2 ∈ (0, 1).

Çàìå÷åíî, ÷òî ëþáûå âîçìîæíûå êîìáèíàöèè èäåàëüíûõ óïðóãèõ ýëå-
ìåíòîâ ñ äâóìÿ ýëåìåíòàìè Ñêîòò Áëýðà áóäóò ïðèâîäèòü ê îïðåäåëÿþ-
ùèì ñîîòíîøåíèÿì â äèôôåðåíöèàëüíîé ôîðìå, ïîðÿäîê êîòîðûõ áîëüøå
åäèíèöû, íî íå áîëüøå äâóõ. Ïðèâåäåíî îïðåäåëÿþùåå ñîîòíîøåíèå äëÿ
ïîñëåäîâàòåëüíîãî ñîåäèíåíèÿ äâóõ äðîáíûõ àíàëîãîâ ìîäåëåé Ôîéõòà:

η1η2D
α1
0t D

α2
0t + (E2η1D

α1
0t + E1η2D

α2
0t )ε+ E1E2ε =

= (E1 + E2)σ + (η1D
α1
0t + η2D

α2
0t )σ,

è íàéäåíî ðåøåíèå çàäà÷è î ïîëçó÷åñòè.
Â íàñòîÿùåé ðàáîòå ïîêàçàíî, ÷òî îïðåäåëÿþùèå ñîîòíîøåíèÿ ðåîëî-

ãè÷åñêèõ ìîäåëåé ìîãóò áûòü ïîëó÷åíû ñðàçó â èíòåãðàëüíîé ôîðìå. Ýòî
èçáàâëÿåò îò íåîáõîäèìîñòè ðåøàòü äèôôåðåíöèàëüíûå óðàâíåíèÿ äðîáíî-
ãî ïîðÿäêà, îáîñíîâûâàòü êîððåêòíîñòü ïîñòàâëåííîé çàäà÷è ñ íà÷àëüíûìè
äàííûìè è ýêâèâàëåíòíîñòü ðåäóêöèè ê ñîîòâåòñòâóþùèì èíòåãðàëüíûì
óðàâíåíèÿì. Íàëè÷èå îïðåäåëÿþùèõ ñîîòíîøåíèé â èíòåãðàëüíîé ôîðìå
ïîçâîëÿåò ñðàçó ïåðåéòè ê ðåøåíèþ çàäà÷è ðåîëîãè÷åñêîãî äåôîðìèðîâà-
íèÿ íàñëåäñòâåííî óïðóãîãî òåëà ïóòåì ïîñòðîåíèÿ ðåçîëüâåíòû ñîîòâåò-
ñòâóþùåãî èíòåãðàëüíîãî óðàâíåíèÿ èëè åãî ÷èñëåííîãî ðåøåíèÿ.
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Äàííàÿ ðàáîòà ñîäåðæèò ðåçóëüòàòû èññëåäîâàíèÿ îäíîãî êëàññà äè-
íàìè÷åñêèõ ìîäåëåé â îñíîâå êîòîðûõ ëåæèò ðåàêöèÿ Áåëîóñîâà-
Æàáîòèíñêîãî. Ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ èíâàðèàíòíîãî
ìíîãîîáðàçèÿ ñî ñìåíîé óñòîé÷èâîñòè. Èññëåäîâàíèå îñíîâàíî íà ãåî-
ìåòðè÷åñêîì ïîäõîäå.

Êëþ÷åâûå ñëîâà: ñèíãóëÿðíûå âîçìóùåíèÿ, èíâàðèàíòíîå ìíîãîîáðà-
çèå ñî ñìåíîé óñòîé÷èâîñòè, ðåàêöèÿ Áåëîóñîâà�Æàáîòèíñêîãî

Invariant manifold with stability change in models of reaction
systems

The paper contains the results of a study for a class of dynamic models
based on the Belousov–Zhabotinsky reaction. The conditions for the exis-
tence of the invariant manifolds with a stability change are obtained.The
is based on the geometric approach.

Keywords: singular perturbations, gluing function, invariant manifolds
with a stability change, the Belousov–Zhabotinsky reaction

Òåîðèÿ ñèíãóëÿðíî âîçìóùåííûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé
óñïåøíî ïðèìåíÿåòñÿ äëÿ ðåøåíèÿ øèðîêîãî êðóãà çàäà÷. Ýòî ñâÿçàíî ñ
òåì, ÷òî òàêèå ñèñòåìû âîçíèêàþò ïðè ìîäåëèðîâàíèè è èññëåäîâàíèè îáú-
åêòîâ ðàçëè÷íîé ïðèðîäû. Ê ÷èñëó òðàäèöèîííûõ îáúåêòîâ ïðèìåíåíèÿ
ìåòîäîâ âîçìóùåíèÿ îòíîñÿò äèíàìè÷åñêèå ñèñòåìû ñ áûñòðûìè è ìåä-
ëåííûìè ïåðåìåííûìè. Äëÿ èõ îïèñàíèÿ èñïîëüçóþò äèôôåðåíöèàëüíûå
ñèñòåìû, êîòîðûå ñîäåðæàò ìàëûé ïàðàìåòð ïðè ÷àñòè ïðîèçâîäíûõ. Òàê,
â ìîäåëÿõ õèìè÷åñêîé êèíåòèêè íàëè÷èå ìàëîãî ïàðàìåòðà ñâÿçàíî ñ òåì,
÷òî â ðåàêöèîííûõ ñèñòåìàõ îäíîâðåìåííî ïðîèñõîäÿò ðåçêî îòëè÷àþùèåñÿ
ïî ñêîðîñòè ïðîöåññû [1].

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à ïîñòðîåíèÿ èíâàðèàíòíîãî ìíîãîîá-
ðàçèÿ ñî ñìåíîé óñòîé÷èâîñòè äëÿ êëàññà äèíàìè÷åñêèõ ìîäåëåé â îñíîâå
êîòîðûõ ëåæèò ðåàêöèÿ Áåëîóñîâà-Æàáîòèíñêîãî [2]. Îáû÷íîå ïðåäïîëî-
æåíèå òåîðèè ñîñòîèò â òîì, ÷òî îñíîâíîé ôóíêöèîíàëüíûé îïðåäåëèòåëü
áûñòðîé ïîäñèñòåìû îòëè÷åí îò íóëÿ. Îäíàêî âî ìíîãèõ ïðèêëàäíûõ çàäà-
÷àõ ýòî óñëîâèå íàðóøàåòñÿ, è âîçíèêàþò ðàçëè÷íûå êðèòè÷åñêèå ñèòóàöèè,
íàïðèìåð, ïîÿâëÿþòñÿ òðàåêòîðèè-óòêè. Ñîãëàñíî ãåîìåòðè÷åñêîé òåîðèè
ñèíãóëÿðíûõ âîçìóùåíèé òðàåêòîðèþ-óòêó ìîæíî ðàññìàòðèâàòü êàê ðå-
çóëüòàò ñêëåèâàíèÿ óñòîé÷èâûõ è íåóñòîé÷èâûõ ìåäëåííûõ èíâàðèàíòíûõ
ìíîãîîáðàçèé â îäíîé òî÷êå ïîâåðõíîñòè ñðûâà (â êðèòè÷åñêîé òî÷êå áè-
ôóðêàöèîííîãî ïàðàìåòðà). Ñ ôèçè÷åñêîé òî÷êè çðåíèÿ òðàåêòîðèÿ � óòêà
ìîäåëèðóåò êðèòè÷åñêèé ðåæèì, ðàçäåëÿþùèé äâà îñíîâíûõ òèïà ðåæèìà
õèìè÷åñêîé ðåàêöèè � ïðîöåññ ñ ìåäëåííîé äèíàìèêîé è ïðîöåññ ñ ñàìî-
óñêîðåíèåì [1]. Ñ òî÷êè çðåíèÿ ãåîìåòðè÷åñêîé òåîðèè ñèíãóëÿðíûõ âîçìó-
ùåíèé, âûáîðîì êðèòè÷åñêîãî çíà÷åíèÿ ñèñòåìû ìû ñêëåèâàåì óñòîé÷èâîå

Îñèï÷óê Ìàðèÿ Àíàòîëüåâíà, àñïèðàíò Ñàìàðñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ);
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è íåóñòîé÷èâîå ìåäëåííûå ìíîãîîáðàçèÿ â îäíîé òî÷êå êðèâîé ñðûâà, ïî-
ëó÷àÿ, òåì ñàìûì, íåïðåðûâíóþ òðàåêòîðèþ èññëåäóåìîé ñèñòåìû, êîòî-
ðàÿ ïîñëå ó÷àñòêà äâèæåíèÿ ïî óñòîé÷èâîìó ìåäëåííîìó èíâàðèàíòíîìó
ìíîãîîáðàçèþ ïðîäîëæàåò äâèæåíèå ïî íåóñòîé÷èâîìó ìåäëåííîìó èíâà-
ðèàíòíîìó ìíîãîîáðàçèþ. Ðàçâèâàÿ ýòîò ïîäõîä, áûëè ïîëó÷åíû óñëîâèÿ
ñóùåñòâîâàíèÿ èíâàðèàíòíîãî ìíîãîîáðàçèÿ ñî ñìåíîé óñòîé÷èâîñòè äëÿ
îäíîãî êëàññà ñèíãóëÿðíî âîçìóùåííûõ ñèñòåì, îïèñûâàþùåãî äèíàìè÷å-
ñêèå ìîäåëè ðåàêöèîííûõ ñèñòåì. Ïîñòîðîåíà èíâàðèàíòíàÿ ïîâåðõíîñòü
ñî ñìåíîé óñòîé÷èâîñòè, öåëèêîì ñîñòîÿùàÿ èç òðàåêòîðèé-óòîê.
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Â äàííîé ðàáîòå ïîëó÷åíû ïåðâûå ïÿòíàäöàòü êîýôôèöèåíòîâ ìíî-
ãîïàðàìåòðè÷åñêîãî àñèìïòîòè÷åñêîãî ðàçëîæåíè Óèëüÿìñà â ïëà-
ñòèíå ñ äâóìÿ ãîðèçîíòàëüíûìè êîëëèìíåàðíûìè òðåùèíàìè ðàçíîé
äëèíû. Äëÿ ïîëó÷åíèÿ êîýôôèöèåíòà èíòåíñèâíîñòè íàïðÿæåíèé, Ò-
íàïðÿæåíèé è êîýôôèöèåíòîâ âûñøåãî ïîðÿäêà áûë èñïîëüçîâàí ýêñ-
ïåðèìåíò íà ôîòîóïðóãîñòü è êîíå÷íî-ýëåìåíòíûé ðàñ÷åò. Ïîëó÷åí-
íûå çíà÷åíèÿ õîðîøî ñîãëàñóþòñÿ.

Êëþ÷åâûå ñëîâà: ôîòîóïðóãîñòü, ìåòîä êîíå÷íûõ ýëåìåíòîâ, ïåðå-
îïðåäåëåííûé ìåòîä, ìíîãîïàðàìåòðè÷åñêîå àñèìïòîòè÷åñêîå ðàçëî-
æåíèå Óèëüÿìñà

Experimental and numerical study of stress fields at the crack
tip in a linearly elastic material

In this paper, the first fifteen coefficients of the Williams multiparameter
asymptotic expansion in a plate with two horizontal collimnear cracks
of different lengths are obtained. To obtain the stress intensity factor,
T-stresses and higher-order coefficients, an experiment on photoelasticity
and finite element calculation were used. The obtained values are in good
agreement.

Keywords: photoelasticity, finite element method, over-deterministic
method, Williams multiparameter asymptotic expansion

Äàííàÿ ðàáîòà ïîñâÿùåíà ÷èñëåííîìó è ýêñïåðèìåíòàëüíîìó îïðåäå-
ëåíèþ êîýôôèöèåíòîâ ìíîãîïàðàìåòðè÷åñêîãî àñèìïòîòè÷åñêîãî ðàçëîæå-
íèÿ Óèëüÿìñà â ïëàñòèíå ñ äâóìÿ êîëëèíåàðíûìè òðåùèíàìè ðàçíîé äëè-
íû.Äëÿ ýòîãî â ìíîãîôóíêöèîíàëüíîì ïàêåòå Simulia Abaqus âûïîëíåí ðÿä
êîíå÷íî-ýëåìåíòíûõ ðàñ÷åòîâ íàãðóæåíèÿ ïëàñòèíû ñ äâóìÿ êîëëèíåàðíû-
ìè òðåùèíàìè ðàçíîé äëèíû, ðàçíûõ êîíôèãóðàöèé � äëÿ ïëàñòèíû áîëü-
øåãî ðàçìåðà îòíîñèòåëüíî äëèí òðåùèí è ïëàñòèíû àíàëîãè÷íîé èñïîëü-
çîâàííîé â íàòóðíîì ýêñïåðèìåíòå. Ñ ïîìîùüþ ðàññ÷èòàííîãî íàïðÿæåííî-
äåôîðìèðîâàííîãî ñîñòîÿíèÿ îïðåäåëåíû êîýôôèöèåíòû ìíîãîïàðàìåòðè-
÷åñêîãî àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ Ì. Óèëüÿìñà, â êîòîðîì óäåðæàíû
ïÿòíàäöàòü ñëàãàåìûõ.Òàêæå áûëà ïðîèçâåäåíà îáðàáîòêà äàííûõ ýêñïå-
ðèìåíòà, ïðîâåäåííîãî ñ ïîìîùüþ ìåòîäà ôîòîóïðóãîñòè.Ðåàëèçîâàí ïåðå-
îïðåäåëåííûé ìåòîä äëÿ âû÷èñëåíèÿ ïàðàìåòðîâ ìåõàíèêè ðàçðóøåíèÿ íà
îñíîâå ýêñïåðèìåíòàëüíîé èíôîðìàöèè. Ïîêàçàíî, ÷òî ðàçðàáîòàííûå àë-
ãîðèòìû ïîçâîëÿþò íàéòè êîýôôèöèåíòû àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ñ
âûñîêîé òî÷íîñòüþ, âêëþ÷àÿ êîýôôèöèåíòû âûñøèõ ïðèáëèæåíèé.
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ÏÐÎÅÊÒÈÂÍÎ-ÏÅÐÅÑÒÀÍÎÂÎ×ÍÎ ÓÍÈÒÀÐÍÀß
ÝÊÂÈÂÀËÅÍÒÍÎÑÒÜ ÊÎÍÅ×ÍÛÕ ÔÐÅÉÌÎÂ

Â.Â. Ñåâîñòüÿíîâà

berlua@mail.ru

ÓÄÊ 517.518

Èçó÷àþòñÿ êëàññû êîíå÷íûõ ôðåéìîâ ñ òî÷íîñòüþ äî ïðîåêòèâíî-
ïåðåñòàíîâî÷íî óíèòàðíîé ýêâèâàëåíòíîñòè. Ïðèâîäÿòñÿ èíâàðèàíòû,
îïðåäåëÿþùèå òàêèå êëàññû ýêâèâàëåíòíîñòè.

Êëþ÷åâûå ñëîâà: ôðåéì, íàáîð âåêòîðîâ, ïðîåêòèâíî-ïåðåñòàíîâî÷íî
óíèòàðíàÿ ýêâèâàëåíòíîñòü, èíâàðèàíòû

Projectively unitarily equivalence up to reordering of finite
frames

Projectively unitarily equivalence up to reordering of finite frames is stud-
ied. We observe invariants defining the equivalence class in general posi-
tion.

Keywords: frame, vector system, projectively unitarily equivalence up to
reordering, invariants

Ïóñòü Hd � óíèòàðíîå ïðîñòðàíñòâî íàä ïîëåì F = R,C ðàçìåðíîñòè d.

Îïðåäåëåíèå 1. Íàáîð âåêòîðîâ {φi}ni=1 â ïðîñòðàíñòâå Hd áóäåì íà-
çûâàòü ôðåéìîì, åñëè ñóùåñòâóþò êîíñòàíòû 0 < a ≤ b < ∞, òàêèå, ÷òî
äëÿ âñåõ x ∈ Rd,

a∥x∥2 ≤
n∑

j=1

|⟨x, φj⟩|2 ≤ b∥x∥2.

Íà ìíîæåñòâå ôðåéìîâ ìîæíî ââåñòè ðàçëè÷íûå êëàññû ýêâèâàëåíòíî-
ñòè. Îáîçíà÷èì Φ = {φi}ni=1 è Ψ = {ψi}ni=1.

Îïðåäåëåíèå 2. Ôðåéìû Φ è Ψ íàçûâàþòñÿ óíèòàðíî ýêâèâàëåíò-
íûìè, åñëè ñóùåñòâóåò óíèòàðíîå ïðåîáðàçîâàíèå U , ïåðåâîäÿùåå âåêòîðû
îäíîãî ôðåéìà â âåêòîðû äðóãîãî: ψi = Uφi, ∀i.

Õîðîøî èçâåñòíî, ÷òî ìàòðèöû Ãðàìà Gram(Φ) è Gram(Ψ) äâóõ ñèñòåì
âåêòîðîâ Φ èΨ ñîâïàäàþò òîãäà è òîëüêî òîãäà, êîãäà ýòè ñèñòåìû óíèòàðíî
ýêâèâàëåíòíû.

Îïðåäåëåíèå 3. Ôðåéìû Φ è Ψ íàçûâàþòñÿ ïðîåêòèâíî óíèòàðíî ýê-
âèâàëåíòíûìè, åñëè ñóùåñòâóåò óíèòàðíîå ïðåîáðàçîâàíèå U è ÷èñëà αi,
|αi| = 1, äëÿ êîòîðûõ âûïîëíÿåòñÿ ψi = αi Uφi, ∀i.

Óìíîæåíèå âåêòîðà φi íà ÷èñëî αi ìåíÿåò ìàòðèöó Ãðàìà Gram(Φ)
ôðåéìà ñëåäóþùèì îáðàçîì: i-ÿ ñòðîêà (i-é ñòîëáåö) â Gram(Φ) óìíîæà-
åòñÿ íà αi (íà αi). Çàìåòèì, ÷òî èç ïðîåêòèâíîé óíèòàðíîé ýêâèâàëåíòíî-
ñòè íå ñëåäóåò óíèòàðíàÿ ýêâèâàëåíòíîñòü, à êëàññ ïðîåêòèâíî óíèòàðíî
ýêâèâàëåíòíûõ ôðåéìîâ îïðåäåëÿåòñÿ ïîðÿäêîì, â êîòîðîì ðàñïîëîæåíû
âåêòîðà ôðåéìà.

Ðàáîòà âûïîëíåíà â ðàìêàõ ðåàëèçàöèè ïðîãðàììû ðàçâèòèÿ Íàó÷íî-
îáðàçîâàòåëüíîãî ìàòåìàòè÷åñêîãî öåíòðà Ïðèâîëæñêîãî ôåäåðàëüíîãî îêðóãà,
ñîãëàøåíèå 075-02-2020-1488/1.

Ñåâîñòüÿíîâà Âèêòîðèÿ Âëàäèìèðîâíà, ê.ô.-ì.í., Ñàìàðñêèé óíèâåðñèòåò (Ñàìàðà,
Ðîññèÿ); Victoria Sevostyanova (Samara University, Samara, Russia)
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Îïðåäåëåíèå 4. m-ïðîèçâåäåíèÿìè ôðåéìà Φ íàçûâàþòñÿ ÷èñëà
∆(i1, i2, . . . , is) = (φi1 , φi2)(φi2 , φi3) . . . (φisφi1).

Äîêàçàòåëüñòâî ñëåäóþùåé òåîðåìû ìîæíî íàéòè â [2], [3].

Òåîðåìà 1. Íàáîðû âåêòîðîâ Φ è Ψ ïðîåêòèâíî óíèòàðíî ýêâèâàëåíòíû
òîãäà è òîëüêî òîãäà, êîãäà äëÿ íèõ âñå m-ïðîèçâåäåíèÿ ðàâíû.

Áîëåå òîíêàÿ õàðàêòåðèñòèêà ïðîåêòèâíî óíèòàðíîé ýêâèâàëåíòíîñòè
ôðåéìîâ ñ n âåêòîðàìè äàåòñÿ ñ ïîìîùüþ àíàëèçà öèêëîâ â íåêîòîðîì
ïîñòðîåííîì ïî ôðåéìó ãðàôå ñ n âåðøèíàìè [1].

Îïðåäåëåíèå 5. Áóäåì ãîâîðèòü, ÷òî äâà ôðåéìà Φ è Ψ ïðîåêòèâíî-
ïåðåñòàíîâî÷íî óíèòàðíî ýêâèâàëåíòíû, åñëè ñóùåñòâóåò ïåðåñòàíîâêà
σ ∈ Sn, äëÿ êîòîðîé ôðåéìû {φi}ni=1 è {ψσ(i)}ni=1 óíèòàðíî ýêâèâàëåíòíû.

Òåîðåìà 2. Ôðåéìû Φ è Ψ ïðîåêòèâíî-ïåðåñòàíîâî÷íî óíèòàðíî ýêâè-
âàëåíòíû òîãäà è òîëüêî òîãäà, êîãäà Gram(Ψ) = C∗Gram(Φ)C, ãäå C �
ìàòðèöà, â êàæäîé ñòðîêå è êàæäîì ñòîëáöå êîòîðîé ñòîèò åäèíñòâåííîå
íåíóëåâîå ÷èñëî, ìîäóëü êîòîðîãî ðàâåí 1.

Òåîðåìà 3. Äëÿ ôðåéìà Φ â îáùåì ïîëîæåíèè åãî êëàññ ïðîåêòèâíî-
ïåðåñòàíîâî÷íî óíèòàðíîé ýêâèâàëåíòíîñòè îäíîçíà÷íî îïðåäåëÿåòñÿ çíà-
÷åíèÿìè ñèììåòðè÷åñêèõ ôóíêöèé îò m-ïðîèçâåäåíèé ñëåäóþùåãî âèäà

Is1,s2,...,sk =
∑

∆(i11, i
1
2, . . . , i

1
s1)∆(i21, i

2
2, . . . , i

2
s2) . . .∆(ik1 , i

k
2 , . . . , i

k
sk
), (1)

çäåñü 1 ⩽ ij1, i
j
2, . . . , i

j
sj ⩽ n, ∀a ̸= b èìååì ija ̸= ijb, à ñóììèðîâàíèå áåðåòñÿ

ïî âñåì âîçìîæíûì öèêëàì (i11, i
1
2, . . . , i

1
s1), (i

2
1, i

2
2, . . . , i

2
s2), . . . , (i

k
1 , i

k
2 , . . . , i

k
sk
)

ñ ñîîòâåòñòâóþùèìè ôèêñèðîâàííûìè äëèíàìè s1, s2, . . . , sk.

Â äîêëàäå áóäåò ïðèâåäåí àëãîðèòì, ïîçâîëÿþùèé ïî çíà÷åíèÿì (1) âîñ-
ñòàíîâèòü ïðåäñòàâèòåëü èç êëàññà ýêâèâàëåíòíîñòè.
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ÍÅËÈÍÅÉÍÛÅ ÇÀÄÀ×È ÍÀ ÑÎÁÑÒÂÅÍÍÛÅ ÇÍÀ×ÅÍÈß
ÑËÅÄÓÞÙÈÅ ÈÇ ÊÐÀÅÂÛÕ ÇÀÄÀ× ÌÅÕÀÍÈÊÈ
ÐÀÇÐÓØÅÍÈß ÄËß ÑÐÅÄ ÑÎ ÑÒÅÏÅÍÍÛÌÈ
ÊÎÍÑÒÈÒÓÖÈÎÍÀËÜÍÛÌÈ ÓÐÀÂÍÅÍÈßÌÈ

Ë.Â. Ñòåïàíîâà, Ê.Í. Àëüäåáåíåâà

stepanova.lv@ssau.ru, aldks@yandex.ru

ÓÄÊ 519.624

Â ðàáîòå ïðèâåäåíû ðåçóëüòàòû ÷èñëåííîãî è àíàëèòè÷åñêîãî ðåøå-
íèÿ íåëèíåéíûõ çàäà÷ íà ñîáñòâåííûå çíà÷åíèÿ, ñëåäóþùèõ èç êðàå-
âûõ çàäà÷ ìåõàíèêè ðàçðóøåíèÿ äëÿ ñòåïåííûõ îïðåäåëÿþùèõ ñîîò-
íîøåíèé. Â êà÷åñòâå îïðåäåëÿþùèõ óðàâíåíèé ìîãóò ðàññìàòðèâàòü-
ñÿ ñîîòíîøåíèÿ Ðàìáåðãà � Îñãóäà ñ ïðåíåáðåæèìî ìàëûìè óïðóãèìè
äåôîðìàöèÿìè èëè ñòåïåííîé çàêîí òåîðèè óñòàíîâèâøåéñÿ ïîëçó÷å-
ñòè Áåéëè � Íîðòîíà. Íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå âáëè-
çè âåðøèíû òðåùèíû ðàçûñêèâàåòñÿ ñ ïîìîùüþ ìåòîäà ðàçëîæåíèÿ
ïî ñîáñòâåííûì ôóíêöèÿì, ÷òî ïðèâîäèò ê êëàññó íåëèíåéíûõ çàäà÷
íà ñîáñòâåííûå çíà÷åíèÿ, ðåøåíèÿ êîòîðûõ ïîëó÷åíû àíàëèòè÷åñêè
ñ ïîìîùüþ ìåòîäà èñêóññòâåííîãî ìàëîãî ïàðàìåòðà è ÷èñëåííî ïî-
ñðåäñòâîì ìåòîäà Ðóíãå - Êóòòû - Ôåëüáåðãà.

Êëþ÷åâûå ñëîâà: íåëèíåéíûå çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ, íåëè-
íåéíàÿ ìåõàíèêà ðàçðóøåíèÿ, ìàòåðèàë ñî ñòåïåííûìè îïðåäåëåÿþ-
ùèìè óðàâíåíèÿìè

Nonlinear eigenvalue problems arising from boundary value
problems of nonlinear fracture mechanics

In the study numerical and analytical solutions of nonlinear eigenvalue
problems arising from nonlinear boundary value problems of fracture me-
chanics for power law constitutive equations are presented. The Ramberg-
Osgood relations with negligible elastic strains or the Bailey-Norton power
law of steady creep theory can be considered as the constitutive equa-
tions. The solution to the problem of determination of the stress-strain
state near the crack tip is sought using the eigenfunction method, which
leads to a class of nonlinear eigenvalue problems, the solutions of which
are obtained using the artificial small parameter method and numerically
through implementation of Runge-Kutta Fehlberg technique along with
shooting method.

Keywords: nonlinear eigenvalue problem, nonlinear fracture mechanics,
power law materials

Îïðåäåëåíèå íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ âáëèçè âåðøè-
íû òðåùèíû ÿâëÿåòñÿ îäíîé èç ôóíäàìåíòàëüíûõ çàäà÷ ñîâðåìåííîé ìåõà-
íèêè ðàçðóøåíèÿ, ðåøåíèå êîòîðîé èìååò âàæíîå ïðàêòè÷åñêîå çíà÷åíèå è
òðåáóåò ïðèâëå÷åíèÿ ñëîæíîãî ìàòåìàòè÷åñêîãî àïïàðàòà, èáî çàäà÷à ñâî-
äèòñÿ ê ñèñòåìå íåëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ [1-3]. Îä-
íèì èç íàèáîëåå ÷àñòî èñïîëüçóåìûõ è ïåðñïåêòèâíûõ ìåòîäîâ ïðè ðåøåíèè
äàííîãî êëàññà çàäà÷ ÿâëÿåòñÿ ìåòîä ðàçëîæåíèÿ ïî ñîáñòâåííûì ôóíêöè-
ÿì [1-3], êîòîðûé ïðèâîäèò ê íåëèíåéíûì çàäà÷àì íà ñîáñòâåííûå çíà÷åíèÿ

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò
�21-11-00346).
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äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà â ñëó÷àå
çàäà÷è î òðåùèíå àíòèïëîñêîãî ñäâèãà, è ÷åòâåðòîãî ïîðÿäêà â ñëó÷àå çàäà÷
î òðåùèíàõ íîðìàëüíîãî îòðûâà, ïîïåðå÷íîãî ñäâèãà è ñìåøàííîãî íàãðó-
æåíèÿ. Îäíî ñîáñòâåííîå çíà÷åíèå äàííîãî êëàññà çàäà÷ õîðîøî èçâåñòíî è
ñîîòâåñòâóåò êëàññè÷åñêîé çàäà÷å Õàò÷èíñîíà - Ðàéñà - Ðîçåíãðåíà. Îäíàêî
â íàñòîÿùåå âðåìÿ èíòåðåñ ïðåäñòàâëÿþò ñîáñòâåííûå çíà÷åíèÿ, îòëè÷íûå
îò ñîáñòâåííîãî çíà÷åíèÿ, îòâå÷àþùåãî çàäà÷å Õàò÷èíñîíà - Ðàéñà - Ðîçåí-
ãðåíà. Íàñòîÿùåå èññëåäîâàíèå ïîñâÿùåíî îòûñêàíèþ íîâûõ ñîáñòâåííûõ
çíà÷åíèé ñ ïîìîùüþ ÷èñëåííîãî àëãîðèòìà, ïðåäëîæåííîãî ñïåöèàëüíî äëÿ
çàäà÷ î ñìåøàííîì íàãðóæåíèè òåëà ñ îñòðîé òðåùèíîé, è àíàëèòè÷åñêîãî
ïîäõîäà, áàçèðóþùåãîñÿ íà ìåòîäå ìàëîãî èñêóññòâåííîãî ïàðàìåòðà.

Çàäà÷è î ñìåøàííîì íàãðóæåíèè òåë ñ òðåùèíîé âûçûâàþò îñîáûé èí-
òåðåñ â ìåõàíèêå ðàçðóøåíèÿ [4]. Â ñëó÷àå ñìåøàííîãî íàãðóæåíèÿ ïðè
ïîñòðîåíèè ÷èñëåííîãî è àñèìïòîòè÷åñêîãî ðåøåíèé ðàññìîòðåíèÿ ñèììåò-
ðèè è àíòèñèììåòðèè çàäà÷è îòíîñèòåëüíî ëèíèè ïðîäîëæåíèÿ òðåùèíû íå
ìîãóò áûòü èñïîëüçîâàíû è íåîáõîäèìî ðåøàòü çàäà÷ó äëÿ âñåãî îòðåçêà
èçìåíåíèÿ ïîëÿðíîãî óãëà â ïîëÿðíûõ êîîðäèíàòàõ ñ ïîëþñîì â âåðøèíå
òðåùèíû ïðè çàäàííîì çíà÷åíèè ïàðàìåòðà íàãðóæåíèÿ. Åñëè ñîáñòâåííîå
çíà÷åíèå çàäà÷è íå ÿâëÿåòñÿ èçâåñòíûì èç äîïîëíèòåëüíûõ ñîîáðàæåíèé
ôèçè÷åñêîãî õàðàêòåðà, òî íà ðåøåíèå ñëåäóåò íàëîæèòü äîïîëíèòåëüíîå
óñëîâèå. Ðàíåå òàêîå äîïîëíèòåëüíîå óñëîâèå îáñóæäàëîñü â ðàáîòàõ [1,2]
è ïðèíèìàëîñü, ÷òî íà ëèíèè ïðîäîëæåíèè òðåùèíû äîëæíî áûòü íåïðå-
ðûâíûì ðàäèàëüíîå íàïðÿæåíèå. Îäíàêî, ýòà ãèïîòåçà ïðèâîäèò ê êóñî÷íî-
íåïðåðûâíîìó ïîëþ íàïðÿæåíèé. Â íàñòîÿùåì èññëåäîâàíèè ÷èñëåííîå è
àíàëèòè÷åñêîå ðåøåíèÿ ïîñòðîåíû èç òðåáîâàíèÿ ãëàäêîñòè ðàäèàëüíîé
êîìïîíåíòû òåíçîðà íàïðÿæåíèé. Â ðåçóëüòàòå âû÷èñëåíèé íàéäåíû íî-
âûå ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè äëÿ âñåõ ïðàêòè÷åñêè
âàæíûõ çíà÷åíèé ïîêàçàòåëÿ íåëèíåéíîñòè ìàòåðèàëà.

Àâòîðû âûðàæàþò áëàãîäàðíîñòü Ðîññèéñêîìó íàó÷íîìó ôîíäó, ïðîåêò
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Ïðåäñòàâëåííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ îñîáåííîñòåé óñòîé÷è-
âîñòè èíâàðèàíòíûõ ìíîãîîáðàçèé îäíîãî êëàññà ñèíãóëÿðíî âîçìó-
ùåííûõ ñèñòåì, êîòîðûå øèðîêî èñïîëüçóþòñÿ ïðè ìàòåìàòè÷åñêîì
ìîäåëèðîâàíèè áèîëîãè÷åñêèõ ñèñòåì. Ðàññìàòðèâàåòñÿ íîâûé ïîä-
õîä ê ïîñòðîåíèþ îäíîìåðíûõ èíâàðèàíòíûõ ìíîãîîáðàçèé ñî ñìåíîé
óñòîé÷èâîñòè äëÿ êëàññà ñèíãóëÿðíî âîçìóùåííûõ ñèñòåì ñ äâóìÿ
ìåäëåííûìè è îäíîé áûñòðîé ïåðåìåííûìè.

Êëþ÷åâûå ñëîâà: ñèíãóëÿðíûå âîçìóùåíèÿ, èíòåãðàëüíûå ìíîãîîá-
ðàçèÿ, äèíàìè÷åñêèå ìîäåëè, áèîëîãè÷åñêèå ñèñòåìû, ïîïóëÿöèîííàÿ
äèíàìèêà

The change of stability of invariant manifolds in problems of
mathematical biology

The presented work is devoted to the study of the stability features of
invariant manifolds of one class of singularly perturbed systems. Such
systems are widely used in mathematical modeling of biological systems.
A new approach to the construction of one-dimensional invariant mani-
folds with a change in stability for a class of singularly perturbed systems
with two slow and one fast variables is considered.

Keywords: singular perturbations, integral manifolds, dynamic models of
biophysics, biological systems, population dynamics

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ îñîáåííîñòè ñìåíû óñòîé÷èâîñòè èí-
âàðèàíòíûõ ìíîãîîáðàçèé îäíîãî êëàññà ñèíãóëÿðíî âîçìóùåííûõ ñèñòåì,
êîòîðîå øèðîêî èñïîëüçóþòñÿ ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè áèîëî-
ãè÷åñêèõ ñèñòåì. Èñïîëüçóÿ ãåîìåòðè÷åñêóþ òåîðèþ ñèíãóëÿðíûõ âîçìó-
ùåíèé, â ÷àñòíîñòè ìåòîä èíâàðèàíòíûõ ìíîãîîáðàçèé, ìîæíî íàéòè òî÷-
íûå óñëîâèÿ, ãàðàíòèðóþùèå ñóùåñòâîâàíèå ïåðèîäè÷åñêèõ ðåøåíèé îñî-
áîãî òèïà äëÿ ñèñòåì âíóòðè êëàññà.

Â ðàáîòå ðàññìàòðèâàþòñÿ ñèñòåìû:

ẋ = f(x, y, z, ε),

ẏ = g(x, y, z, ε),

εż = zp(x, y, z, α, ε).

Çäåñü ε � ìàëûé ïîëîæèòåëüíûé ïàðàìåòð, α � ñêàëÿðíûé ïàðàìåòð, x,
y, z � ñêàëÿðíûå ïåðåìåííûå, f, p, g - äîñòàòî÷íî ãëàäêèå ôóíêöèè, ïðè-
÷åì çíàê ïðîèçâîäíîé ∂p/∂z ìåíÿåòñÿ â ðàññìàòðèâàåìîé îáëàñòè. Îòìå-
òèì, ÷òî ïîäîáíûå ñèñòåìû ÿâëÿþòñÿ òèïè÷íûìè äëÿ çàäà÷ ïîïóëÿöèîííîé
äèíàìèêè. Ãëàâíûì îòëè÷èåì òàêèõ ñèñòåì ÿâëÿåòñÿ íàëè÷èå òî÷íîãî èí-
âàðèàíòíîãî ìíîãîîáðàçèÿ ñî ñìåíîé óñòîé÷èâîñòè [1, 2].

Â êà÷åñòâå èëëþñòðèðóþùåãî ïðèìåðà ïîäîáíûõ äèíàìè÷åñêèõ ñèñòåì
ðàññìàòðèâàåòñÿ ìîäåëü, îïèñûâàþùàÿ âçàèìîäåéñòâèå äâóõ âèäîâ õèùíè-
êîâ, êîíêóðèðóþùèõ çà îäíó äîáû÷ó [3]. Îñîáîå âíèìàíèå â ðàáîòå óäåëåíî

Òåëüíîâà Êñåíèÿ Ñåðãååâíà, àñïèðàíò, Ñàìàðñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ)
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êîëåáàòåëüíûì ïðîöåññàì, òðàåêòîðèè êîòîðûõ ÿâëÿþòñÿ òðàåêòîðèÿìè-
óòêàìè. Ýòî òðàåêòîðèè ñèíãóëÿðíî âîçìóùåííîé ñèñòåìû, êîòîðûå ñíà÷à-
ëà ïðîõîäèò âäîëü óñòîé÷èâîãî èíòåãðàëüíîãî ìíîãîîáðàçèÿ, à çàòåì âäîëü
íåóñòîé÷èâîãî [1, 2]. Òàêèå òðàåêòîðèè ïðåäñòàâëÿþò ñîáîé îäíîìåðíûå
èíâàðèàíòíûå ìíîãîîáðàçèÿ ñî ñìåíîé óñòîé÷èâîñòè. Íàëè÷èå äâóìåðíîãî
òî÷íîãî èíâàðèàíòíîãî ìíîãîîáðàçèÿ ñî ñìåíîé óñòîé÷èâîñòè â òðåõìåðíîé
ñèñòåìå ïîçâîëÿåò ôîðìèðîâàòü êîëåáàíèÿ ïðè ïîìîùè âûáîðà ôîðìû òðà-
åêòîðèé äâóõ åå äâóõìåðíûõ ïðîåêöèé. Ìîæíî îòìåòèòü, ÷òî ïî ñðàâíåíèþ
ñ òðàäèöèîííûìè ìåòîäàìè, îáñóæäàåìûé ïîäõîä êàæåòñÿ áîëåå ïðîñòûì.
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Ðàáîòà ïîñâÿùåíà ìåòîäó ðåäóêöèè çàäà÷ íàõîæäåíèÿ êðèòè÷åñêîé
áåãóùåé âîëíû äëÿ îäíîãî êëàññà ïàðàáîëè÷åñêèõ ñèñòåì. Èñïîëüçî-
âàíèå ìåòîäà èíâàðèàíòíûõ ìíîãîîáðàçèé ñèíãóëÿðíî âîçìóùåííûõ
ñèñòåì ïîçâîëÿåò çàìåíèòü èññëåäîâàíèå áåãóùåé âîëíû èñõîäíîé ñè-
ñòåìû â ÷àñòíûõ ïðîèçâîäíûõ àíàëèçîì èõ ïðîôèëåé â ñèñòåìå îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé áîëåå íèçêîãî ïîðÿäêà.

Êëþ÷åâûå ñëîâà: êðèòè÷åñêèå áåãóùèå âîëíû, èíâàðèàíòíîå ìíîãîîá-
ðàçèå, òðàåêòîðèÿ�óòêà, ïîíèæåíèå ðàçìåðíîñòè

Order reduction for critical traveling waves problems for one
class of parabolic systems

The paper is devoted to the order reduction for critical traveling wave
problems for one class of parabolic systems. The use of the method of in-
variant manifolds of singularly perturbed systems allows us to replace the
study of the traveling wave of the original PDE system with the analysis
of their profiles in the ODE system with a lower order.

Keywords: critical traveling waves, invariant manifold, canard, order re-
duction

Ñòàòüÿ ïîñâÿùåíà ìåòîäó ðåäóêöèè äëÿ ïîíèæåíèÿ ðàçìåðíîñòè çàäà÷
íàõîæäåíèÿ êðèòè÷åñêèõ áåãóùèõ âîëí. Ñïåöèôèêà òàêèõ áåãóùèõ âîëí
ñîñòîèò â òîì, ÷òî îíè ðàçäåëÿþò âîëíû ñ êà÷åñòâåííî ðàçëè÷íûì ïîâå-
äåíèåì [1, 2]. Â ðàáîòå ïîêàçàíî, êàê ïðèìåíåíèå ãåîìåòðè÷åñêîé òåîðèè
ñèíãóëÿðíûõ âîçìóùåíèé ïîçâîëÿåò ñâåñòè çàäà÷ó áåãóùåé âîëíû äëÿ èñ-
õîäíîé ñèñòåìû â ÷àñòíûõ ïðîèçâîäíûõ ê àíàëèçó ïðîåêöèè ñèñòåìû íà åå
ìåäëåííîå èíâàðèàíòíîå ìíîãîîáðàçèå. Äàííûé ïîäõîä ïðîèëëþñòðèðîâàí
íà çàäà÷å èññëåäîâàíèÿ êðèòè÷åñêèõ áåãóùèõ âîëí ðàçíîãî òèïà â ìîäåëÿõ
òèïà ðåàêöèÿ�äèôôóçèÿ�àäâåêöèÿ:

∂u

∂t
= εD

∂2u

∂s2
−A

∂u

∂s
+ F(u),

ãäå u = u(s, t) ∈ Rn, s ∈ R � ïðîñòðàíñòâåííàÿ êîîðäèíàòà, t > 0 � âðåìÿ,
D � âåùåñòâåííàÿ äèàãîíàëüíàÿ ìàòðèöà êîýôôèöèåíòîâ äèôôóçèè, A �
âåùåñòâåííàÿ äèàãîíàëüíàÿ ìàòðèöà ñêîðîñòåé ïðîöåññîâ àäâåêöèè, F(u)
� âåêòîð ðåàêöèîííûõ ÷ëåíîâ. Ìàëûé ïàðàìåòð 0 < ε ≪ 1 ïðåäñòàâëÿåò
ñîáîé îòíîñèòåëüíûå ðàçìåðû äèôôóçèè.

Â ðàáîòå óñòàíîâëåíî, ÷òî ïðîôèëÿìè êðèòè÷åñêèõ áåãóùèõ âîëí ÿâëÿ-
þòñÿ òðàåêòîðèè�óòêè [2-4]. Íàïîìíèì, ÷òî òðàåêòîðèÿ�óòêà ïðåäñòàâëÿåò

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ è ÃÔÅÍ Êèòàÿ â ðàìêàõ íà-
ó÷íîãî ïðîåêòà 20-51-53008.
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ñîáîé îäíîìåðíîå ìåäëåííîå èíâàðèàíòíîå ìíîãîîáðàçèå ñî ñìåíîé óñòîé-
÷èâîñòè ñèíãóëÿðíî âîçìóùåííîé ñèñòåìû [5].
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Íàéäåíû àíàëèòè÷åñêèå ðåøåíèÿ çàäà÷è î ïîëçó÷åñòè ïðè êóñî÷íî-
ïîñòîÿííûõ ðåæèìàõ íàãðóæåíèÿ äëÿ ëèíåéíûõ è íåëèíåéíûõ äðîá-
íûõ àíàëîãîâ ìàòåìàòè÷åñêèõ ìîäåëåé âÿçêîóïðóãîãî òåëà. Ïðîâåäå-
íà àïïðîêñèìàöèÿ ýêñïåðèìåíòàëüíûõ äàííûõ ïî ðàñòÿæåíèþ ïîëè-
âèíèëõëîðèäíîãî ïëàñòèêàòà ñ ðàçëè÷íûìè óðîâíÿìè íàãðóçêè. Ïðè
îöåíêå òåîðåòè÷åñêèõ è ýêñïåðèìåíòàëüíûõ ðåçóëüòàòîâ ñäåëàí âû-
âîä î õîðîøåé êîððåëèðîâàííîñòè ðàñ÷¼òíûõ è îïûòíûõ äàííûõ ïî
âñåì ðàññìîòðåííûì ìîäåëÿì íå òîëüêî äëÿ êâàçèñòàòè÷åñêèõ, íî è
êóñî÷íî-ïîñòîÿííûõ ðåæèìîâ íàãðóæåíèÿ.

Êëþ÷åâûå ñëîâà: âÿçêîóïðóãîñòü, äðîáíûå èíòåãðî-
äèôôåðåíöèàëüíûå óðàâíåíèÿ, ïàðàìåòðè÷åñêàÿ èäåíòèôèêàöèÿ,
àïïðîêñèìàöèÿ ýêñïåðèìåíòàëüíûõ äàííûõ

Experimental data approximation of PVC compound at
piecewise constant stresses based on fractional mathematical

models

Analytical solutions are found for the creep problem under piecewise con-
stant loading conditions for linear and nonlinear fractional mathematical
models analogs of a viscoelastic body. The experimental data approxima-
tion on stretching of PVC compound with different loading levels has been
carried out. When evaluating the theoretical and experimental results, it
was concluded that there is a good correlation between the calculated and
experimental data for all the considered models, not only for quasistatic,
but also piecewise-constant loading modes.

Keywords: viscoelasticity, fractional integro-differential equations, para-
metric identification, experimental data approximation

Ðàññìîòðåíû ëèíåéíûå è íåëèíåéíûå ìàòåìàòè÷åñêèå ìîäåëè ñ îïåðà-
òîðàìè äðîáíîãî èíòåãðî-äèôôåðåíöèðîâàíèÿ Ðèìàíà-Ëèóâèëëÿ: äðîáíûå
àíàëîãè ìîäåëåé òèïà Ôîéõòà, Ìàêñâåëëà, Êåëüâèíà, Ñêîòò Áëýðà. Äîêà-
çàíî, ÷òî òàêèå ìîäåëè õîðîøî îïèñûâàþò äåôîðìèðîâàíèå âÿçêîóïðóãèõ
ñðåä [1-3]. Èçâåñòíû ðåøåíèÿ çàäà÷è âÿçêîóïðóãîñòè äëÿ ñëó÷àÿ íàïðÿæå-
íèÿ σ(t) = (H(t)−H(t− T ))σ0 (ãäå t� âðåìÿ íàãðóæåíèÿ, T � ìîìåíò ðàç-
ãðóçêè, σ0 = const, H � ôóíêöèÿ Õåâèñàéäà). Â ðàáîòå [2] ðåøåíà çàäà÷à
èäåíòèôèêàöèè ïàðàìåòðîâ ðàññìîòðåííûõ äðîáíûõ ìîäåëåé ñ èñïîëüçîâà-
íèåì ñïåöèàëüíîé ìåòîäèêè èäåíòèôèêàöèè, ðàçðàáîòàííîé ïðèìåíèòåëüíî
ê äàííûì ìîäåëÿì.

Â íàñòîÿùåé ðàáîòå ïðîâåäåíà ïðîâåðêà àäåêâàòíîñòè äðîáíûõ ìàòå-
ìàòè÷åñêèõ ìîäåëåé ýêñïåðèìåíòàëüíûì äàííûì ïðè êóñî÷íî-ïîñòîÿííûõ

Óíãàðîâà Ëóèçà Ãàäèëüåâíà, ê.ô.-ì.í., àññèñòåíò, Ñàìàðñêèé ãîñóäàðñòâåííûé òåõíè-
÷åñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ); Ungarova Luiza (Samara State Technical University,
Samara, Russia)

Îãîðîäíèêîâ Åâãåíèé Íèêîëàåâè÷, ê.ô.-ì.í., äîöåíò, Ñàìàðñêèé ãîñóäàðñòâåííûé
òåõíè÷åñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ); Evgeniy Ogorodnikov (Samara State Technical
University, Samara, Russia)
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ðåæèìàõ íàãðóæåíèÿ. Èñïîëüçîâàíû ýêñïåðèìåíòàëüíûå äàííûå ïî ðàñòÿ-
æåíèþ ïîëèâèíèëõëîðèäíîãî ïëàñòèêàòà ïðè ðàçëè÷íûõ óðîâíÿõ íàïðÿ-
æåíèÿ è äâóõ òåìïåðàòóðíûõ ðåæèìàõ. Íàéäåíû ðåøåíèÿ èíòåãðàëüíûõ
óðàâíåíèé äëÿ íàïðÿæåíèÿ âèäà

σ(t) = σ1H(t) +

7∑
i=2

(σi − σi−1)H(t− ti−1)− σ7H(t− t7), 0 ≤ t ≤ 7,

ãäå ti (i = 1, 7) � ìîìåíòû âðåìåíè îêîí÷àíèÿ äåéñòâèÿ íàïðÿæåíèÿ σi.
Íà ðèñóíêå 1 ïðåäñòàâëåíû ýêñïåðèìåíòàëüíûå è ðàñ÷¼òíûå ëèíèè ïî

íåëèíåéíîé ìîäåëè òèïà Êåëüâèíà:

ηDα
0t

(
ε−

(
σ

E2

)1/n2
)n1

+ E1

(
ε−

(
σ

E2

)1/n2
)n1

= σ(t), (1)

ãäå ε = ε(t) � äåôîðìàöèÿ, σ = σ(t) � íàïðÿæåíèå; E1, E2, η, n1, n2 �
íåêîòîðûå íåîòðèöàòåëüíûå ïîñòîÿííûå âåëè÷èíû; Dα

0t � îïåðàòîð äðîá-
íîãî äèôôåðåíöèðîâàíèÿ Ðèìàíà�Ëèóâèëëÿ ñ íà÷àëîì â íóëå, α ∈ (0, 1).
Äëÿ ýòîé ìîäåëè ñðåäíÿÿ ïîãðåøíîñòü àïïðîêñèìàöèè ýêñïåðèìåíòàëüíûõ
äàííûõ ÏÂÕÏ ∆̄ = 10.25%. Àíàëîãè÷íî ïîëó÷åíû ðåçóëüòàòû àïïðîêñèìà-
öèé è äëÿ îñòàëüíûõ ìîäåëåé.

0 1 2 3 4 5 6 7
0

0.02

0.04

0.06

t

Ðèñ. 3: Ýêñïåðèìåíòàëüíûå (ñïëîøíûå ëèíèè) è ðàñ÷åòíûå (øòðèõîâûå ëèíèè)
ïî íåëèíåéíîé ìîäåëè òèïà Êåëüâèíà (1) êðèâûå âÿçêîóïðóãîãî äåôîðìèðîâàíèÿ
ïîëèâèíèëõëîðèäíîãî ïëàñòèêàòà ïðè êóñî÷íî-ïîñòîÿííîé íàãðóçêå ñ óðîâíÿìè
íàïðÿæåíèé σ0 = 4.655 ÌÏà (1), σ0 = 6.288 ÌÏà (2), σ0 = 8.738 ÌÏà (3), σ0 =
10.372 ÌÏà (4), σ0 = 6.288 ÌÏà (5), σ0 = 10.372 ÌÏà (6), σ0 = 4.655 ÌÏà (7)
ñ ïîñëåäóþùåé ðàçãðóçêîé σ0 = 0 ÌÏà (8) ïðè T = 24oC
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Â ðàáîòå ïðèâîäèòñÿ íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ðàâåíñòâà
íóëþ ñóììû ðåãóëÿðèçîâàííîãî ñëåäà ñî ñêîáêàìè ñ âû÷åòîì ïåðâîé
ïîïðàâêè òåîðèè âîçìóùåíèé.

Êëþ÷åâûå ñëîâà: êîìïàêòíûé îïåðàòîð, ñïåêòð, ôîðìóëà ñëåäà, ðå-
çîëüâåíòà

Trace formulas for relatively compact perturbations of
operators with discrete spectrum.

We give the necessary and sufficient condition of vanishing of the regu-
larized trace sum with first correction of the perturbation theory to be
subtracted and with groupings.

Keywords: compact operator, spectrum, trace formula, resolvent function

Ðàññìîòðèì â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H ñàìîñîïðÿ-
æåííûé ïîëóîãðàíè÷åííûé ñíèçó äèñêðåòíûé îïåðàòîð L0. Ïóñòü {λk}∞k=1

� ñîáñòâåííûå ÷èñëà îïåðàòîðà L0, ïðîíóìåðîâàííûå â ïîðÿäêå âîçðàñ-
òàíèÿ ñ ó÷åòîì èõ àëãåáðàè÷åñêèõ êðàòíîñòåé (λk ≤ λk+1, k = 1, 2...),
{fk}∞k=1 � áàçèñ â H èç îðòîíîðìèðîâàííûõ ñîáñòâåííûõ ôóíêöèé, ñîîò-
âåòñòâóþùèõ ñîáñòâåííûì ÷èñëàì λk. Äàëåå, ïóñòü V � ñèììåòðè÷åñêèé
L0-êîìïàêòíûé îïåðàòîð â H. Òîãäà, ïî õîðîøî èçâåñòíîé òåîðåìå Êàòî-
Ðåëëèõà, îïåðàòîð L = L0+V çàìêíóò â îáëàñòè îïðåäåëåíèÿ îïåðàòîðà L0,
ïîëóîãðàíè÷åí ñíèçó è èìååò äèñêðåòíûé ñïåêòð. Îáîçíà÷èì ÷åðåç {µk}∞k=1

� ñîáñòâåííûå ÷èñëà îïåðàòîðà L, ïðîíóìåðîâàííûå â ïîðÿäêå ðîñòà ñ ó÷å-
òîì èõ êðàòíîñòåé.

Ïóñòü R0(−λ) = (L0 + λI)−1, λ > 0, è K0(λ) = (R0(−λ)V )2R0(−λ).
Òîãäà, åñëè K0(λ) � ÿäåðíûé îïåðàòîð, òî, âîñïîëüçîâàâøèñü ðåçóëüòàòàìè
§ 1 ðàáîòû [1], óñòàíàâëèâàåì, ÷òî ïðè λ >> 1 ñïðàâåäëèâî ðàâåíñòâî

∞∑
k=1

λk + (V fk, fk)− µk

(λk + λ)2
= f1(λ) (1 +O(∥R0(−λ)V ∥)) , (1)

ãäå

f1(λ) = 3

+∞∫
0

2
∫ t

0
τ(s)ds+

∑
λk<t

[(V fk, fk)
2 − (λk − µk)

2]

(t+ λ)4
dt,

τ(s) =
∑
λk<s

∑
λm≥s

(λm − λk)
−1(V fk, fm)2

Èññëåäîâàíèå âûïîëíåíî â ðàìêàõ ðåàëèçàöèè ïðîãðàììû ðàçâèòèÿ Íàó÷íî-
îáðàçîâàòåëüíîãî ìàòåìàòè÷åñêîãî öåíòðà Ïðèâîëæñêîãî ôåäåðàëüíîãî îêðóãà, äîï. ñî-
ãë. � 075-02-2020-1421/1 ê ñîãë. � 075-02-2020-1421.
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Ðàâåíñòâî (1) ïîçâîëÿåò äîêàçàòü ñïðàâåäëèâîñòü ñëåäóþùåãî óòâåð-
æäåíèÿ.

Òåîðåìà 1. Ïóñòü V � ñèììåòðè÷åñêèé L0-êîìïàêòíûé îïåðàòîð â
H è trK0(λ) <∞.

Òîãäà ñóùåñòâóåò ïîäïîñëåäîâàòåëüíîñòü {nm}∞m=1 ⊂ N òàêàÿ, ÷òî

lim
m→∞

nm∑
k=1

(λk + (V fk, fk)− µk) = 0

òîãäà è òîëüêî òîãäà, êîãäà

f1(λ) = o(λ−2), λ→ +∞.

Äàëåå ðàññìîòðèì îäèí èç ñïîñîáîâ ðàññòàíîâêè ñêîáîê ñóììèðîâàíèÿ,à
èìåííî ðàññìàòðèâàåòñÿ ðÿä

∞∑
k=1

ak =

∞∑
k=1

[
νk∑
i=1

(λ̄k − µ
(k)
i ) + trPkV

]
. (2)

λ̄k < λ̄k+1, νk � êðàòíîñòü λ̄k. Pk � ñîáñòâåííûé ïðîåêòîð, ñîîòâåòñòâó-
þùèé λ̄k.

Êàê ïðàâèëî òàêàÿ ðàññòàíîâêà ñêîáîê âîçíèêàåò ïðè èññëåäîâàíèè âîç-
ìóùåíèé äâóìåðíûõ ìîäåëüíûõ îïåðàòîðîâ ìàòåìàòè÷åñêîé ôèçèêè (ñì.
[2]).

Ñïðàâåäëèâû.

Òåîðåìà 2. Ïóñòü ðÿä (2) ñõîäèòñÿ. Òîãäà äëÿ ðàâåíñòâà íóëþ ñóììû
ðÿäà (2) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

f1(λ) = ō(λ−2) ïðè λ→ +∞.

Òåîðåìà 3. Ïóñòü ðÿä (2) ñõîäèòñÿ. Òîãäà äëÿ ñïðàâåäëèâîñòè ñîîò-
íîøåíèÿ

∞∑
k=1

ak = c0 > 0

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

f1(λ) ∼ c0λ
−2 ïðè λ→ +∞.
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Â äîêëàäå óêàçàí àëãîðèòì ïîñòðîåíèÿ ñèñòåì ïðîèçâîëüíîé ñòåïåíè
ãëàäêîñòè, ÿâëÿþùèåñÿ áàçèñîì â ïðîñòðàíñòâå íåïðåðûâíûõ ôóíê-
öèé è ïîðîæäàþùèõ êðàòíîìàñøòàáíûé àíàëèç. Êðàòíîìàñøòàáíûé
àíàëèç íå ÿâëÿåòñÿ ðèññîâñêèì, òåì íå ìåíåå áóäåò óêàçàí ïîðÿäîê
ïðèáëèæåíèÿ ôóíêöèé èç ïðîñòðàíñòâ Ñîáîëåâà ïîäïðîñòðàíñòâà-
ìè (Vn).

Êëþ÷åâûå ñëîâà: áàçèñíûå ñïëàéíû, ãëàäêàÿ èíòåðïîëÿöèÿ, êðàòíî-
ìàñøòàáíûé àíàëèç

Affine system generated by splines

We found a method of generation basic splines system with pre-ordered
degree of smoothness. This systems have not Riesz basis but we found
the order of approximation from Sobolev function subspaces.

Keywords: mathematics, Banach space, linear operator

Ïóñòü If(x) =
x∫
0

f(t) dt (x ∈ [0, 1]) � îïåðàòîð èíòåãðèðîâàíèÿ,

W2n−1(x) =
n−1∏
k=0

rk(x) � ôóíêöèè Óîëøà, n ∈ N, n ≥ 2.

Îïðåäåëåíèå 1. Ôóíêöèþ

ψn,N (x) =

{
Qn,NINW2n−1(x), x ∈ [0, 1],

0, x /∈ [0, 1].

áóäåì íàçûâàòü äâîè÷íûì áàçèñíûì ñïëàéíîì n-é ñòåïåíè N -ãî ïîðÿäêà
ãëàäêîñòè(N ≤ n,N ∈ N), ãäå Qn,N - íîðìèðóþùèé êîýôôèöèåíò â C[0, 1]

Áóäåì ðàññìàòðèâàòü ñèñòåìó ñæàòèé è ñäâèãîâ φm,j
n (x) = φn(2

mx− j)
Òåîðåìà 1. Ñèñòåìà φm,j

n (x) ÿâëÿåòñÿ áàçèñîì â ïðîñòðàíñòâå
C0[0, 1], è ñïðàâåäëèâî íåðàâåíñòâî

|f(x)− S2m+j(x)| ≤ ωf (
1

2m+2
) + ω2

f (
1

2m+2
).

[1]

Òåîðåìà 2. Ñïðàâåäëèâî ðàâåíñòâî

ψn,n (x) =
1

2n
ψn,n (2x− 0) +

2n−1∑
t=1

1

2n−1
ψn,n

(
2x− t

2n

)
+

1

2n
ψn,n (2x− 1) .

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 16-01-00152).
×óìà÷åíêî Ñåðãåé Àëåêñååâè÷, àñïèðàíò, Ñàðàòîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
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Ëåììà 1. Ïóñòü F (x) = ψ
(

x
2n

)
. Îïðåäåëèì ïðåîáðàçîâàíèå Ôóðüå ðà-

âåíñòâîì

f̂(ω) =

∫ ∞

−∞
f(ω)e−2πiωxdx.

Òîãäà

F̂ (ω) =
Qn,n

2

(
1

πiω

)n+1 n∏
k=1

(
1− e−2kπiω

)
Ïðè m ∈ Z îáðàçóåì ïîäïðîñòðàíñòâà Vm = (2

m
2 F (2nx+ k)k∈Z)

Îïðåäåëåíèå 2. Åñëè âûïîëíåíû óñëîâèÿ (àêñèîìû)
A1) Vm ∈ Vm+1,
A2)

⋃
m∈Z Vm = L2(R),

A3)
⋂

m∈Z Vm = 0,
òî ñîâîêóïíîñòü (Vm)m∈Z íàçûâàþò îáîáùåííûì êðàòíîìàñøòàáíûì
àíàëèçîì. Ãîâîðÿò òàêæå, ÷òî ôóíêöèÿ φ ïîðîæäàåò îáîáùåííûé ÊÌÀ.

Òåîðåìà 3. Ñîâîêóïíîñòü (Vn)n∈Z îáðàçóåò îáîáùåííûé ÊÌÀ.

Çàìå÷àíèå 1. Èç ëåììû 1 âèäíî, ÷òî ÊÌÀ íå ÿâëÿåòñÿ ðèññîâñêèì,
òàê êàê íå ñóùåñòâóåò ïîëîæèòåëüíîé êîíñòàíòû, îãðàíè÷èâàþùåé F̂ ñíèçó.

Îïðåäåëåíèå 3.Ïóñòü f, g ∈ L2 (R). Âûðàæåíèå

[f, g] (ω)
df
=
∑
k∈Z

f (ω + k) g (ω + k)

íàçûâàþò ñêîáî÷íûì ïðîèçâåäåíèåì.

Îïðåäåëåíèå 4. Ïóñòü s > 0. Âûðàæåíèå

W s
2 (R) =

{
f ∈ L2 (R) : ||f ||W s

2 (R) = || (1 + | · |)s f̂ ||L2(R) < +∞
}

íàçûâàþò ïðîñòðàíñòâîì Ñîáîëåâà.

Îïðåäåëåíèå 5.Ïóñòü φ ∈ L2 (R) , φm,k(x) = 2
m
2 φ (2nx+ k). Îïåðàòîð

βm : f →
∑
k∈Z

(f, φn,k)φn,k

íàçûâàþò êâàçèèíòåðïîëÿöèîííûì îïåðàòîðîì.

Îïðåäåëåíèå 6.Îïåðàòîð βm äîñòàâëÿåò àïïðîêñèìàöèþ ïîðÿäêà
t ∈ R+, åñëè ||f − βmf ||L2(R) = O(2−mt).

Òåîðåìà 4.Îïåðàòîð βm, ïîñòðîåííûé ïî ôóíêöèè φ(x) = CnF (x) äî-
ñòàâëÿåò àïïðîêñèìàöèþ ïîðÿäêà 1.

Ëèòåðàòóðà
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ÓÄÊ 517.928

Â äàííîé ðàáîòå èçó÷àþòñÿ âîïðîñû ñóùåñòâîâàíèÿ è ñâîéñòâ êðè-
òè÷åñêèõ áåãóùèõ âîëí äëÿ íåëèíåéíûõ äèôôåðåíöèàëüíûõ ñèñòåì â
çàäà÷àõ õèìè÷åñêîé êèíåòèêè. Â êîíòåêñòå íàøåãî èññëåäîâàíèÿ êðè-
òè÷åñêàÿ áåãóùàÿ âîëíà èãðàåò ðîëü íåêîãî âîäîðàçäåëà ìåæäó áåãó-
ùèìè âîëíàìè, îòâå÷àþùèìè ðåøåíèÿì äâóõ ïðèíöèïèàëüíî ðàçíûõ
òèïîâ.

Êëþ÷åâûå ñëîâà: êðèòè÷åñêèå áåãóùèå âîëíû, èíâàðèàíòíîå ìíîãîîá-
ðàçèå, òðàåêòîðèÿ�óòêà, õèìè÷åñêàÿ êèíåòèêà

Study of critical traveling waves in problems of chemical
kinetics

In this paper, we study the existence and properties of critical traveling
waves for nonlinear differential systems in problems of chemical kinetics.
In the context of our study, a critical traveling wave plays the role of a
kind of watershed between traveling waves corresponding to the solutions
of two fundamentally different types.

Keywords: critical traveling waves, invariant manifold, canard, chemical
kinetics

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ òàê íàçûâàåìûõ êðèòè÷åñêèõ áåãóùèõ
âîëí ñèíãóëÿðíî âîçìóùåííûõ äèôôåðåíöèàëüíûõ ñèñòåì íåëèíåéíûõ ïà-
ðàáîëè÷åñêèõ óðàâíåíèé. Ïîíÿòèå ¾êðèòè÷åñêàÿ áåãóùàÿ âîëíà¿ áûëî ââå-
äåíî âïåðâûå â ðàáîòå [1] ïðè èññëåäîâàíèè äèíàìè÷åñêîé ìîäåëè àâòîêàòà-
ëèòè÷åñêîãî ãîðåíèÿ ñ ó÷åòîì äèôôóçèè. Îñíîâûâàÿñü íà òîì ôàêòå, ÷òî
äèíàìè÷åñêàÿ ìîäåëü ðåàêöèîííîé ñèñòåìû èìååò êðèòè÷åñêèå ðåøåíèÿ,
îòäåëÿþùèå ðåæèìû ìåäëåííîãî ãîðåíèÿ îò âçðûâíûõ ðåæèìîâ, èñïîëüçî-
âàíèå ãåîìåòðè÷åñêîé òåîðèè ñèíãóëÿðíî âîçìóùåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ïîçâîëèëî óòâåðæäàòü î ñóùåñòâîâàíèè íîâîãî òèïà áåãóùèõ
âîëí, ðàçäåëÿþùèõ âîëíû ìåäëåííîãî ãîðåíèÿ è âîëíû âçðûâíîãî òèïà [2].
Ïðè èññëåäîâàíèè çàäà÷ õèìè÷åñêîé êèíåòèêè ìû èñïîëüçóåì ýòî ïîíÿòèå
â òîì ñìûñëå, ÷òî äàííûé âèä âîëí ìîæíî ðàññìàòðèâàòü êàê îáúåêò, ñîîò-
âåòñòâóþùèé êðèòè÷åñêîìó ðåæèìó â ìîäåëè ôèçè÷åñêîãî ïðîöåññà, ñ îä-
íîé ñòîðîíû, è êàê âèä âîëíû, êîòîðàÿ ðàçäåëÿåò âîëíû, ñîîòâåòñòâóþùèå
ïðèíöèïèàëüíî ðàçëè÷íûì ïðîöåññàì, ñ äðóãîé. Îòëè÷èòåëüíîé îñîáåííî-
ñòüþ êðèòè÷åñêèõ áåãóùèõ âîëí ÿâëÿåòñÿ òî, ÷òî èõ ïðîôèëè ïðåäñòàâëÿþò
ñîáîé òðàåêòîðèè-óòêè (îäíîìåðíûå èíâàðèàíòíûå ìíîãîîáðàçèÿ ñî ñìåíîé
óñòîé÷èâîñòè) [2�4].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ è ÃÔÅÍ Êèòàÿ â ðàìêàõ íà-
ó÷íîãî ïðîåêòà 20-51-53008.
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ðà, Ðîññèÿ); Elena Shchepakina (Samara University, Samara, Russia)
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Îñîáîå âíèìàíèå â ðàáîòå óäåëåíî çàäà÷àì ñóùåñòâîâàíèÿ è îöåíêå ñêî-
ðîñòè ðàñïðîñòðàíåíèÿ êðèòè÷åñêèõ áåãóùèõ âîëí äëÿ íåëèíåéíûõ äèô-
ôåðåíöèàëüíûõ ñèñòåì â õèìè÷åñêîé êèíåòèêå. Ðàçðàáîòàíû àëãîðèòìû
è ïðîãðàììû ÷èñëåííîãî àíàëèçà êðèòè÷åñêèõ áåãóùèõ âîëí â ìîäåëÿõ
õèìèêî-òåõíîëîãè÷åñêèõ ïðîöåññîâ. Ìû äåìîíñòðèðóåì ðàçðàáîòàííûé àï-
ïàðàò íà ïðèìåðå íåàäèàáàòè÷åñêîãî ñëó÷àÿ ðåàêöèè àâòîêàòàëèòè÷åñêîãî
ãîðåíèÿ â îäíîì ïðîñòðàíñòâåííîì èçìåðåíèè.
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THE RIP-PROPERTY AND THE SPARK OF THE VECTOR
SYSTEM
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The relationship between the RIP (restricted isometry property) and the
spark of a vector system is shown

Keywords: restricted isometry property, vector system, spark (the least
number of linear dependent vectors)

Let Hd be the unitary (euclidean) space over the �eld F with dimension d.
De�nition 1. The set of vectors {φj}nj=1 ⊂ Hd is said to have the restricted

isometry property (RIP) for a given integer k and δ ∈ [0, 1) if

(1− δ)∥x∥2 ≤ ∥Φx∥2 ≤ (1 + δ)∥x∥2 (3)

for all k-sparse vectors x ∈ Fn that is for all x ∈ Fn with at most k nonzero
entries. The matrix Φ has vectors {φj}nj=1 as columns.

The restricted isometry property (RIP) characterizes matrices which are
nearly orthonormal, at least when operating on sparse vectors. The concept was
introduced by E. Candes and T. Tao and is used to prove many theorems in the
�eld of compressed sensing.

Lemma 1. [2, 3] The set {φj}nj=1 ∈ (k, δ)-RIP if and only if ∥Φ∗
KΦK − I∥2 ≤

δ for all k-element subsets K of [n] = {1, . . . , n}, where ΦK denotes the synthesis
operator of {φj}j∈K.

De�nition 2. The least number of linearly dependent vectors among the
{φj}nj=1 is called the spark {φj}nj=1.

Lemma 2. If {φj}nj=1 is (k, δ)-RIP for some k ≥ 2 and δ ∈ [0, 1), then
spark {φj}nj=1 ≥ k + 1.

De�nition 3. The (mutual) coherence of any sequence of {φj}nj=1 is the
number

µ := max
j ̸=j′

|⟨φj , φj′⟩|
∥φj∥ ∥φj′∥

.

Lemma 3. For equal norm (k, δ)-RIP vectors {φj}nj=1 with k ≥ 2 the
inequality δ ≥ µ, where µ is the coherence of {φj}nj=1, is valid.

Theorem 1. [1, 3] Let {φj}nj=1 is a set of unit norm vectors and µ
(
{φj}nj=1

)
denotes the coherence of this set. If k < 1/µ+1, then {φj}nj=1 is (k, δ)-RIP with
δ ≤ (k − 1)µ.

Corollary. We have the inequality spark{φj}nj=1 ≥ 1
µ + 1 for any equal

norm set of vectors {φj}nj=1.

The work of the second author was carried out as part of the implementation development
programs of the Scienti�c and Educational Mathematical Center Volga Federal District,
Agreement No. 075-02-2020-1488/1
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Approximation properties of wavelet decompositions in the Orlicz spaces
are investigated. Both dual wavelet frames and frame-like wavelet systems
are considered.

Keywords: wavelet expansion, order of approximation, modular conver-
gence, Luxemburg norm

Dual multivariate wavelet frames with a matrix dilation constructed in
framework of multitesolution analysis are studied. Under the assumption that
the generating scaling functions φ, φ̃ and wavelet functions ψ(ν), ψ̃(ν), ν =
1, . . . , r, have enough decay (that is satis�ed for almost all known examples), an
error estimate in the Orlicz space Lθ for the corresponding wavelet expansion of
functions f from Sobolev Orlicz spaces Wn

θ is obtained. This estimate provides
approximation order n (in the sense of modular convergence) whenever each

ψ̃(ν) has vanishing moments up to order n. A similar estimate given in terms of
the Luxemburg norm is obtained for the Orlicz spaces satisfying ∆2-condition.

Analyzing the methods for construction of wavelet frames one can see
that we have to overcome substantial di�culty to provide vanishing moments
for all wavelet functions ψ(ν), ψ̃(ν), which is a necessary condition for the

systems {ψ(ν)
ik }i,k,ν , {ψ̃(ν)

ik }i,k,ν to be frames in L2(Rd). However, engineers
often do not take care of this. Providing vanishing moments only for the
functions ψ̃(ν), they successfully apply such �frames� (which are really not
frames) for signal processing. Thus, it makes sense to study a wider class
of dual wavelet systems which are not dual frames but preserve important
properties of frames. Construction of compactly supported dual wavelet systems

{ψ(ν)
ik }i,k,ν , {ψ̃(ν)

ik }i,k,ν , where ψ(ν), ψ̃(ν) are functions or distributions, that
provide frame-type decompositions, was developed in [1], see also [2]. Such
systems (called frame-like) can be constructed starting with any appropriate
pair of trigonometric polynomialsm0, m̃0 (re�nable masks) and using an explicit

method for �nding ψ(ν), ψ̃(ν), ν = 1, dots, r. Vanishing moments up to order n
for the functions ψ̃(ν) are guaranteed if only the corresponding assumptions
are satis�ed for m0, m̃0. The functions ψ

(ν), ψ̃(ν) constructed in this way and
the corresponding wavelet decomposition may belong to di�erent spaces. The
estimates in Lp-norm providing approximation order n for the frame-like systems
were proved in [1]. In the current paper, these results are extended to the Orlicz
spaces satisfying ∆′-condition.
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Until now, the problems of longitudinal - transverse vibrations of objects
with moving boundaries were solved mainly in a linear setting, the energy
exchange through the moving boundary and the interaction between
longitudinal and transverse vibrations were not taken into account.
The paper presents a new nonlinear mathematical model of transverse
vibrations of an unbounded rope with a moving boundary, in which
geometric nonlinearity is taken into account. The obtained mathematical
model allows one to describe high-intensity vibrations of a rope with a
moving boundary.

Keywords: nonlinear mathematical model, vibrations of a rope, moving
boundaries

Until now, the problems of longitudinal - transverse vibrations of
objects with moving boundaries were solved mainly in a linear setting, the
energy exchange through the moving boundary and the interaction between
longitudinal and transverse vibrations were not taken into account [1�5, 7�10].
In rare cases, the action of the forces of resistance of the external environment
was taken into account [6]. Real technical objects are much more complicated,
for example, with an increase in the intensity of oscillations, the geometric
nonlinearities of the object have a great in�uence on the oscillatory process.

In connection with the intensive development of numerical methods, it
became possible to more accurately describe complex mathematical models of
longitudinal-transverse oscillations of objects with moving boundaries, taking
into account a large number of factors in�uencing the oscillatory process.

The paper presents a new nonlinear mathematical model of longitudinal-
transverse vibrations of a rope with a moving boundary, which takes into account
geometric nonlinearity, viscoelasticity, energy exchange across the boundary.
The boundary conditions are obtained in the case of interaction between the
parts of the object to the left and to the right of the moving boundary.

The resulting model is linearized. In this case, the principle of homogeneity
is observed: in the particular case of small �uctuations, the obtained linear
models coincided with the classical ones, which indicates the correctness of the
results obtained. The obtained mathematical model allows one to describe high-
intensity vibrations of a rope with a moving boundary

Ëèòåðàòóðà
1. Savin G.N., Goroshko O.A., Dynamics of a variable length thread // Nauk.

dumka, Kiev, 1962, 332 p.

2. Samarin Yu.P., On a nonlinear problem for the wave equation in one-
dimensional space // Applied Mathematics and Mechanics. - 1964. - T. 26, V. 3. - P.
77�80.

Vladislav Litvinov, PhD, associate professor (Moscow State University, Moscow, Syzran
Branch of Samara State Technical University, Samara, Russia)

Kristina Litvinova (Samara, Russia)

97



3. Vesnitsky A.I., Waves in systems with moving boundaries and loads //
Fizmatlit, Moscow, 2001, 320 p.

4. Lezhneva A.A., Bending vibrations of a beam of variable length // Izv.
Academy of Sciences of the USSR. Rigid Body Mechanics. - 1970. - No. 1. - P.
159-161.

5. Litvinov V.L., Solution of boundary value problems with moving boundaries
using an approximate method for constructing solutions of integro-di�erential
equations // Tr. Institute of Mathematics and Mechanics, Ural Branch of the Russian
Academy of Sciences. 2020.Vol. 26, No. 2. P. 188-199.

6. Anisimov V.N., Litvinov V.L., Mathematical models of longitudinal-transverse
vibrations of objects with moving boundaries // Vestn. Himself. tech. un-t. Ser. Phys
and mat. science, 2015. Vol. 19, No. 2. P. 382-397.

7. Anisimov V.N., Litvinov V.L., Mathematical modeling and study of the
resonance properties of mechanical objects with a changing boundary: monograph /
V. L. Litvinov, V. N. Anisimov - Samara: Samar. state tech. un � t, 2020. - 100 p.

8. Litvinov V.L., Anisimov V.N. Application of the Kantorovich - Galerkin
method for solving boundary value problems with conditions on moving boundaries
// Bulletin of the Russian Academy of Sciences. Rigid Body Mechanics. 2018. No. 2.
P. 70�77.

9. Litvinov V.L., Anisimov V.N., Transverse vibrations of a rope moving in a
longitudinal direction // Bulletin of the Samara Scienti�c Center of the Russian
Academy of Sciences. 2017. T. 19. No. 4. � P.161�165.

10. Litvinov V.L., Anisimov V.N., Mathematical modeling and research
of oscillations of one�dimensional mechanical systems with moving boundaries:
monograph / V. L. Litvinov, V. N. Anisimov � Samara: Samar. state tech. un�t,
2017 .� 149 p.

98



Îãëàâëåíèå

Ïðåäèñëîâèå . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
Ä.Ñ. Àëåêñàíäðîâ, Í.Â. Âîðîïàåâà, Ðåäóêöèÿ ðàçíîòåìïîâîé çàäà÷è

óïðàâëåíèÿ äëÿ ðîáîòà ñ óïðóãèìè ñî÷ëåíåíèÿìè . . . . . . . . . . 4
Â.À. Àëÿêèí, Ð.Ô. Óçáåêîâ, Òåñòû ïî ìàòåìàòè÷åñêîìó àíàëèçó â ñèñòå-

ìå äèñòàíöèîííîãî îáðàçîâàíèÿ íà ìåõàíèêî-ìàòåìàòè÷åñêîì ôà-
êóëüòåòå Ñàìàðñêîãî óíèâåðñèòåòà . . . . . . . . . . . . . . . . . . . 6

Â.À. Àëÿêèí, Ð.Ô. Óçáåêîâ, Î ïîâûøåíèè ìàòåìàòè÷åñêîé ãðàìîòíîñòè
ñòóäåíòîâ 1 êóðñà ìåõàíèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà Ñàìàð-
ñêîãî óíèâåðñèòåòà . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

Ã.Ñ. Àíèñèìîâ, Âû÷èñëåíèå ïàðàìåòðîâ ìåõàíèêè ðàçðóøåíèÿ ñ ïîìî-
ùüþ ìåòîäà ãîëîãðàôè÷åñêîé èíòåðôåðîìåòðèè . . . . . . . . . . . 10

Â.Í. Àíèñüêèí, Î.À. ßíêåâè÷, Òåçàóðóñíûé ïîäõîä ê îáó÷åíèþ ìàòå-
ìàòèêå ñòóäåíòîâ åñòåñòâåííîíàó÷íûõ è ãóìàíèòàðíûõ ïåäàãîãè÷å-
ñêèõ ïðîôèëåé ïîäãîòîâêè . . . . . . . . . . . . . . . . . . . . . . . . 12

Å.Þ. Àðëàíîâà, Å.Í. Îãîðîäíèêîâ, À.À. Êðàñèëüíèêîâà, Ðåøåíèå ïëîñ-
êîé çàäà÷è ïîëçó÷åñòè äëÿ íàñëåäñòâåííî óïðóãîé ïðÿìîóãîëüíîé
îáëàñòè â óñëîâèÿõ àíèçîòðîïèè . . . . . . . . . . . . . . . . . . . . 14

Å.À. Àôàíàñüåâà, Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå èíäèâèäóàëüíûõ ïî-
êàçàòåëåé íàäåæíîñòè íà ñòàäèè ýêñïëóàòàöèè ïî èçäåëèþ-ëèäåðó 16

Ä.Â. Áàõàðåâ, Þ.Í. Áàõàðåâà, Îïðåäåëåíèå ïàðàìåòðîâ ìåõàíèêè ðàç-
ðóøåíèÿ ìåòîäîì ãîëîãðàôè÷åñêîé èíòåðôåðîìåòðèè . . . . . . . . 18

Ì.È.Áåëèøåâ, Àëãåáðû â îáðàòíûõ çàäà÷àõ ìàòåìàòè÷åñêîé ôèçèêè . . 20
Ñ.À. Áðîííèêîâ, Ë.Â. Ñòåïàíîâà, À.À. Êóëþòíèêîâà, Ìîäåëèðîâàíèå

ãåòåðîãåííîé ïîëèêðèñòàëëè÷åñêîé ñòðóêòóðû ÃÖÊ-ìåäè ìåòîäà-
ìè ìîëåêóëÿðíîé äèíàìèêè ñ èñïîëüçîâàíèåì ïîäõîäà Âîðîíîãî-
Äèðèõëå . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

Ï.Ã. Âåëèêàíîâ, Í.È. Êóêàíîâ, Ä.Ì. Õàëèòîâà, Ðàñ÷åò èçîòðîïíûõ ïëà-
ñòèí íà óïðóãîì îñíîâàíèè Âèíêëåðà ìåòîäîì êîìïåíñèðóþùèõ íà-
ãðóçîê (íåïðÿìûì ìåòîäîì ãðàíè÷íûõ ýëåìåíòîâ) . . . . . . . . . . 27

Ï.Ã. Âåëèêàíîâ, Ä.Ì. Õàëèòîâà, Ðàñ÷åò àíèçîòðîïíûõ ïëàñòèí ìåòîäîì
êîìïåíñèðóþùèõ íàãðóçîê (íåïðÿìûì ìåòîäîì ãðàíè÷íûõ ýëåìåí-
òîâ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

Î.Â. Âèäèëèíà, Â.À. Ñîáîëåâ, Ì.À. ßøèíà, Äåêîìïîçèöèÿ çàäà÷ î êðè-
òè÷åñêèõ áåãóùèõ âîëíàõ . . . . . . . . . . . . . . . . . . . . . . . . . 31

Í.Â. Âîðîïàåâà, À.È. Òèññåí, Ïðèìåíåíèå ìåòîäà àñèìïòîòè÷åñêîé äå-
êîìïîçèöèè â çàäà÷å óïðàâëåíèÿ ðàçíîòåìïîâîé íåëèíåéíîé ñèñòåìîé 32

Ð.Ð. Ãàçèçîâ, Ôîðìóëà ñîêðàùåííîãî äèôôåðåíöèðîâàíèÿ äëÿ ôóíêöèè
Ãîðíà H3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

À.Â. Ãèë¼â, Î ðàçðåøèìîñòè îäíîé íåëîêàëüíîé çàäà÷è Ãóðñà . . . . . . 36
Â.Å. Ãëåáîâ, Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå âëèÿíèÿ îïåðåæàþùåãî

ïîâåðõíîñòíîãî ïëàñòè÷åñêîãî äåôîðìèðîâàíèÿ íà ãåîìåòðè÷åñêèå
ïàðàìåòðû ïëàñòèíû ñ êîíöåíòðàòîðîì íàïðÿæåíèé . . . . . . . . . 38

99



Ï.À. Ãîëîâàíîâ, Å.Ï. Òóïîíîñîâà, Àíàëèç ìåòîäîâ ïîñòðîåíèÿ ìàòåìàòè-
÷åñêèõ ìîäåëåé ñâÿçè âûñøåé øêîëû è ïðîèçâîäñòâà . . . . . . . . 40

Ñ.Â. Ãîðáóíîâ, Ìîäåëèðîâàíèå ïðîöåññà âÿçêîóïðóãîãî äåôîðìèðîâàíèÿ
ðàçóïðî÷íÿþùåãîñÿ ìàòåðèàëà . . . . . . . . . . . . . . . . . . . . . 42

Þ.Í. Ãîðåëîâ, Î ìàòåìàòè÷åñêèõ ìîäåëÿõ âîçìóùåííîãî äâèæåíèÿ
êðóïíîãàáàðèòíûõ êîñìè÷åñêèõ êîíñòðóêöèé . . . . . . . . . . . . 44

Þ.Í. Ãîðåëîâ, Ë.Â. Êóðãàíñêàÿ, Ìîäåëèðîâàíèå ðåæèìîâ ïðîêà÷êè â
ïðîòî÷íîì èíêóáàòîðå äëÿ êóëüòèâèðîâàíèÿ êëåòî÷íûõ êóëüòóð . 46

Ë.Í. Åâåëèíà, Ïàðàìåòð êàê êîìïîíåíò çàäà÷è . . . . . . . . . . . . . . 48
Í.À. Çàé÷èêîâà, Ýêîíîìåòðè÷åñêèå ìîäåëè çàâèñèìîñòè ñîöèàëüíî-

ýêîíîìè÷åñêèõ ïîêàçàòåëåé ðåãèîíà ÐÔ îò èíâåñòèöèé â ïîðòîâóþ
èíôðàñòðóêòóðó . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

Ì.Å. Èâàíþê, Ò.Â.Ñèäóáàåâà, Èñïîëüçîâàíèå àêòèâíûõ ôîðì è ìåòîäîâ
îáó÷åíèÿ íà óðîêàõ ìàòåìàòèêè, êàê ñðåäñòâà äîñòèæåíèÿ ïëàíè-
ðóåìûõ ðåçóëüòàòîâ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

È.Ð. Êàþìîâ, Ä.Ì. Õàììàòîâà, Ñ. Ïîííóñàìè, Íåðàâåíñòâà òèïà Áîðà
è îöåíêè êîýôôèöèåíòîâ îãðàíè÷åííûõ àíàëèòè÷åñêèõ ôóíêöèé . 57

À.Ñ. Êèðñàíîâà, Â.À. Ñîáîëåâ, Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå êîëåáà-
íèé âåòðîýíåðãåòè÷åñêîé óñòàíîâêè . . . . . . . . . . . . . . . . . . . 59

Ë.Í. Êîñûãèíà, À.Í. Êîñûãèí, Ìíîãîïàðàìåòðè÷åñêîå ðàçëîæåíèå Óè-
ëüÿìñà êàê îäèí èç ýôôåêòèâíûõ ìåòîäîâ ìåõàíèêè ðàçðóøåíèÿ . 61

À.Â. Ìèðîíîâ, Ýêñïåðèìåíòàëüíîå è êîíå÷íî-ýëåìåíòíîå îïðåäåëåíèå
ïàðàìåòðîâ ìåõàíèêè ðàçðóøåíèÿ ïðè èñïîëüçîâàíèè ìåòîäà ôî-
òîóïðóãîñòè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

È.Õ. Ìóñèí, Òåîðåìà òèïà Ïýéëè-Âèíåðà-Øâàðöà
äëÿ îäíîãî êëàññà óëüòðàðàñïðåäåëåíèé . . . . . . . . . . . . . . . . 65

Ë.À. Íàñûðîâà, Ìàòåìàòè÷åñêàÿ ìîäåëü âûòåñíåíèÿ òåïëîíîñèòåëÿ èç
ïîäçåìíûõ ïîðèñòûõ ðåçåðâóàðîâ . . . . . . . . . . . . . . . . . . . . 67

Å.Í. Îãîðîäíèêîâ, Å.Þ. Àðëàíîâà, Î êîððåêòíîñòè îäíîãî íåëîêàëüíî-
ãî àíàëîãà çàäà÷è Êîøè�Ãóðñà äëÿ ñèñòåìû óðàâíåíèé Áèöàäçå�
Ëûêîâà . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

Å.Í. Îãîðîäíèêîâ, Ë.Ã. Óíãàðîâà, Ìàòåìàòè÷åñêèå ìîäåëè íàñëåäñòâåí-
íî óïðóãîãî òåëà ïîðÿäêà áîëåå åäèíèöû . . . . . . . . . . . . . . . 71

Ì.À. Îñèï÷óê, Èíâàðèàíòíîå ìíîãîîáðàçèå ñî ñìåíîé óñòîé÷èâîñòè â
ìîäåëÿõ ðåàêöèîííûõ ñèñòåì . . . . . . . . . . . . . . . . . . . . . . 74

Ä.Ì. Ïåòðîâà, Ýêñïåðèìåíòàëüíîå è ÷èñëåííîå èññëåäîâàíèå ïîëåé íà-
ïðÿæåíèé ó âåðøèíû òðåùèíû â ëèíåéíî óïðóãîì ìàòåðèàëå . . . 76

Â.Â. Ñåâîñòüÿíîâà, Ïðîåêòèâíî-ïåðåñòàíîâî÷íî óíèòàðíàÿ ýêâèâàëåíò-
íîñòü êîíå÷íûõ ôðåéìîâ . . . . . . . . . . . . . . . . . . . . . . . . . 78

Ë.Â. Ñòåïàíîâà, Ê.Í. Àëüäåáåíåâà, Íåëèíåéíûå çàäà÷è íà ñîáñòâåííûå
çíà÷åíèÿ ñëåäóþùèå èç êðàåâûõ çàäà÷ ìåõàíèêè ðàçðóøåíèÿ äëÿ
ñðåä ñî ñòåïåííûìè êîíñòèòóöèîíàëüíûìè óðàâíåíèÿìè . . . . . . 80

Ê.Ñ. Òåëüíîâà,Ïîñòðîåíèå èíâàðèàíòíûõ ìíîãîîáðàçèé ñî ñìåíîé óñòîé-
÷èâîñòè â çàäà÷àõ ìàòåìàòè÷åñêîé áèîëîãèè . . . . . . . . . . . . . 82

Å.À. Òðîïêèíà, Å.À. Ùåïàêèíà, Ïîíèæåíèå ðàçìåðíîñòè â çàäà÷àõ î
êðèòè÷åñêèõ áåãóùèõ âîëíàõ äëÿ îäíîãî êëàññà ïàðàáîëè÷åñêèõ ñè-
ñòåì . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

Ë.Ã. Óíãàðîâà, Å.Í. Îãîðîäíèêîâ, Àïïðîêñèìàöèÿ ýêñïåðèìåíòàëüíûõ
äàííûõ ïîëèâèíèëõëîðèäíîãî ïëàñòèêàòà ïðè êóñî÷íî-ïîñòîÿííûõ
íàïðÿæåíèÿõ íà îñíîâå äðîáíûõ ìàòåìàòè÷åñêèõ ìîäåëåé . . . . . 86

Ç.Þ. Ôàçóëëèí,Ôîðìóëû ñëåäîâ îòíîñèòåëüíî-êîìïàêòíûõ âîçìóùåíèé
îïåðàòîðîâ ñ äèñêðåòíûì ñïåêòðîì. . . . . . . . . . . . . . . . . . . 88

Ñ.À.×óìà÷åíêî, Àôôèííûå ñèñòåìû, ïîðîæäåííûå ñïëàéíàìè . . . . . 90

100



Å.À. Ùåïàêèíà, Î.Â. Âèäèëèíà, Â.Â. Ìèëîñåðäîâ, Èññëåäîâàíèå êðèòè-
÷åñêèõ áåãóùèõ âîëí â çàäà÷àõ õèìè÷åñêîé êèíåòèêè . . . . . . . . 92

A.V. Kiptenko, S.Ya. Novikov, M.E. Phedina, The RIP-property and the
spark of the vector system . . . . . . . . . . . . . . . . . . . . . . . . . 94

A. Krivoshein, M. Skopina, Wavelet approximation in Orlicz spaces . . . . 96
V.L. Litvinov, K.V. Litvinova, Mathematical modeling of nonlinear

vibrations of a rope with a moving boundary . . . . . . . . . . . . . . 97

101



Íàó÷íîå èçäàíèå

Âñåðîññèéñêàÿ íàó÷íàÿ êîíôåðåíöèÿ (ñ ìåæäóíàðîäíûì ó÷àñòèåì)

Ìàòåìàòèêà è ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå

Ñàìàðà, Ðîññèÿ
10�12 íîÿáðÿ 2021 ã.

òåçèñû äîêëàäîâ

All-Russian Scienti�c Conference (with International Participation)

Mathematics and Mathematical Modelling

Samara, Russia
Novermber 10�12, 2021

abstracts

Òåêñòû ñòàòåé ïå÷àòàþòñÿ â àâòîðñêîé ðåäàêöèè
Êîìïüþòåðíàÿ âåðñòêà â ïàêåòå LATEX, ìàêåò Ì.Â. Èãíàòüåâ

Ïîäïèñàíî â ïå÷àòü 29.10.2021. Ôîðìàò 60õ84/16.
Áóìàãà îôñåòíàÿ. Ïå÷àòü îïåðàòèâíàÿ.

Óñë.-ïå÷. ë. 5,93. Ïå÷. ë. 6,375.
Ãàðíèòóðà Times New Roman. Òèðàæ 76 ýêç.

ÎÎÎ ¾Ñàìàðàìà¿
443087, Ñàìàðà, óë. Ñòàðà-Çàãîðà, 167.

Òåë. 8 960 931 74 78. E-mail: oraborodina@yandex.ru.

Îòïå÷àòàíî ñ ïðåäîñòàâëåííîãî îðèãèíàë-ìàêåòà
â òèïîãðàôèè ÎÎÎ ¾Ïðàéì¿.

ã. Ñàìàðà, Áàéêàëüñêèé ïåðåóëîê, 12.
Òåë. 8 927 201 82 95.


